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Abstract
Graphical models are an increasinglypopular approachfor
speechand languageprocessing. As researchersdesignever
morecomplex modelsit becomescrucial to �nd triangulations
that make inferenceproblemstractable.This paperpresentsa
geneticalgorithmfor triangulationsearchthatis well-suitedfor
speechandlanguagegraphicalmodels.It is uniquein two ways:
First, it can �nd triangulationsappropriatefor graphswith a
mix of stochasticanddeterministicdependencies.Second,the
searchis guidedby optimizing the inferencespeed(CPU run-
time) on real data. We show resultson 10 real-world speech
andlanguagegraphsanddemonstrateinferencespeed-upsover
standardtriangulationmethods.

1. Intr oduction
The predominantstatisticalmodel usedin automaticspeech
recognition(ASR) is the HiddenMarkov Model (HMM). Al-
thoughtheHMM is quitepowerful, it is only oneof anin�nite
numberof possiblestatisticalmodels.Graphicalmodels(GMs)
provideavisualabstractionthatcanrepresentanenormousfam-
ily of probability models(including the HMM). With GMs, it
is possibleto rapidly explore many diversemodelsfor ASR,
given an availableandcomputationallyef�cient softwaresys-
tem. Thereis growing interestin theuseof GMs for a variety
of speechandlanguagetasks. Examplesincludemulti-stream
modelsfor ASR [1], audio-visualspeechrecognition[2], artic-
ulatorymodeling[3, 4, 5], pitch tracking[6], andedit distance
learning[7].

All exact statistical inferenceprocedureson a graphical
model, suchas EM training and Viterbi decoding,usea tri-
angulatedgraph(seeSection2) eitherexplicitly or implicitly
[8]. The differencebetweena goodandbadtriangulationhas
a dramaticimpacton thecomputationalrequirementsof infer-
encetasks. Finding the optimal triangulationfor a particular
graph,unfortunately, is NP-hard[9, 10]. Althoughmany heuris-
tic methodshave beenproposed,we will show that standard
triangulationmethodsare inadequatefor producinginference
schemesfor many graphsseenin speechandlanguageprocess-
ing.

This paperaddressesthis issueby examining somecom-
moncharacteristicsof speech/languagegraphicalmodels(Sec-
tion 3). We show that standardtriangulationmethodsdo not
performwell with thelargenumberof deterministicdependen-
ciescommonlyfound in speech/languagegraphs.Further, we
arguethat standardheuristicsfor judging triangulationquality
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is inferior to directlyestimatingtheinferencespeed(CPUtime)
of the triangulationon real speech/languagedata. We propose
two triangulationsearchesto addresstheseissues.The�rst gen-
eratesa largenumberof triangulationsusingtheheuristicspro-
posedin [10] andranksthemusinginferencespeed.Thesecond
triangulationmethodis basedongeneticalgorithms.In thefol-
lowing, we �rst review the basicsof triangulation(Section2)
andpresenttheissuesspeci�c to triangulatingspeech/language
graphs(Section3). Section4 presentsa geneticalgorithm,and
Section5 reportsinferencespeed-upresultson various real-
world speech/languagegraphs.

2. Background
Graphicalmodels [11] use a generalprobabilistic inference
schemethatrequiresa graphto betriangulated.A graphis tri-
angulated if thereareno “chordlesscycles,” wherea chord is
an edgeconnectingtwo non-consecutive verticesin a cycle of
length> 3. For instance,the graphin Fig. 1(a) is not trian-
gulated. To triangulateit, we mustaddoneor moreedges,as
donein Fig, 1(b), 1(c), and1(d). Theresultinggraphshave no
chordlesscycles and are referredto as triangulatedgraphsor
triangulations. Theedgesthatareaddedto createa triangula-
tion arecalled�ll-in edges.

Adding �ll-in edgescreatescliques. A clique is a set of
variablesthatarecompletelyconnectedto eachother. Thestate
spaceof a clique is the productof its variables' statespace,
which is, in turn, the numberof valuesthe variablecan take
on. The statespaceof a triangulatedgraphis the sumof the
statespaceof its “maximal cliques,” andthemagnitudeof this
correlateswith inferencespeed.

The designof a GM for any task involves three steps:
First, the researchercharacterizesthespeech/languageprocess
hewishesto modelby specifyingasetof hidden/observedvari-
ablesandstochastic/deterministicdependencies.Then,thisGM
is triangulatedso that inferencetaskssuchasEM trainingand
Viterbi decodingcanbeperformed.Finally, parameterestima-
tion andotherstatisticalinferencetasksarerun on thedistribu-
tion de�ned by thegraph.Triangulationis acrucialstepin GM
designbecauseit transformsany user-speci�edGM, whichcan
be arbitrary, into a datastructurethat is ef�cient for inference
tasks.Thetriangulationquality thereforehasa directeffect on
theinferencespeedof practicalGM-basedsystems.

Givenany arbitrarygraph,thegoalof a triangulationalgo-
rithm is to �nd a triangulationthat resultsin tractableandfast
inference.A commontechniquefor this is vertex elimination.
It proceedsby removing eachvertex in thegraphin someorder
andadding�ll-in edgesthat completelyconnectthe removed
vertex's neighboringvertices. For a graphof N nodes,there



areN! possibleeliminationorders;differenteliminationorders
mayadddifferentsetsof �ll-in edges,therebyresultingin dif-
ferent triangulations. Choosingthe optimal eliminationorder
is alsoNP Hard,andvariousheuristicsandstochasticsearches
[12,13] havebeenattempted.It canbeshown thatvertex elimi-
nationalwaysresultsin a triangulatedgraph[14]. However, not
all triangulationscanbecreatedby elimination[10]. An exam-
ple is Fig. 1(d). This de�ciency hasa nontrivial effect on the
triangulationsof speechandlanguagegraphs.

3. Triangulation in SpeechGraphs
Many graphicalmodelsusedin speechand languagesystems
useamixtureof stochasticanddeterministicvariables,wherea
deterministicvariableis a variablein which its valueis deter-
minedby a functionof its parents.Thesedeterministicdepen-
denciesareusedeitherto modeldeterministicrelationshipsin
theunderlyingspeech/languageprocess,or to provide waysto
implementconstraintsor parametertying.

A graphfor ASR is shown in Fig. 2. For eachframe,� ve
out of ten variablesaredeterministic. The importantthing to
learnis thatmany practicalspeech/languageGMs, suchasthe
onesusedin theExperimentssection,arelargeandcomplex and
involve many deterministicvariables.Thelargenumberof de-
terministicdependenciescreatesa problemfor standardelimi-
nationalgorithms.Whenmany variablesaredeterministicfunc-
tions of other variables,combinationsof certainvariableval-
ueswill have zeroprobability; this implies thatgroupingthese
variablesin a cliquecanresultin a signi�cant reductionof the
statespace.However, standardvertex eliminationoftencannot
achieve the groupingneededfor this reductionof statespace.
Whendeterministicvariablesarepresent,examplesexist where
the state-spaceoptimal triangulationhasan arbitrarily smaller
statespacethanthebesteliminationbasedtriangulations[10].

Anotherproblemwith many conventionapproachesis that
they useheuristicsto differentiatebetweentriangulations.State
spacecanbeagoodheuristicwhenall of thevariablecombina-
tions in the graphhave non-zeroprobability, but if many state
combinationshave zero probability it becomesonly a rough
upperboundof the amountof computationactually needed.
Speechgraphshave many zerosfor two reasons.The�rst rea-
son is due to the prevalenceof deterministicvariables. The
secondissue is that beam pruning, which is often used in
speech/languagetasks,addsadditionalzerosto thedistribution.
Similarly, triangulationmethodswhichareguidedby heuristics,
suchaschoosingnodesin aneliminationorder, arenot always
ableto �nd triangulationswith fastinferencetime. Theserea-
sonsmake it dif�cult to predictthe”true” statespaceof agraph
withoutactuallyrunninginference.In thefollowing,wepresent
two triangulationalgorithmsthataddresstheseissues.

4. Timing BasedTriangulation Searches
4.1. Multiple Heuristics

Multiple HeuristicsTriangulation (MH) is a searchtechnique
thatgeneratesa largenumberof triangulationsusingtheheuris-

(a) (b) (c) (d)

Figure1: Graph(a) is untriangulated,graphs(b), (c), (d) are
triangulatedversionsof (a). Triangulationin (d) cannot be
createdusingeliminationon (a)
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Figure 2: Aynchronousmulti-stream graphical model for
ASR. Shaded/unshadednodesare observed/hiddenvariables;
wavy/nonwavy arrows are probabilistic/deterministicdepen-
dency. Shadedareaindicatesoneframe.

tics givenin [10] andevaluatesthembasedon inferencespeed.
The�rst stepis to run a “boundarysearch”,which is oftenrel-
evant for speech/languagegraphsinvolving variable-lengthse-
quences:To modelvariable-lengthutterances,theuserspeci�es
a templatethat characterizesthe dependenciesbetweenvari-
ableswithin a frame. Then, given an input utteranceof any
length,this templateis replicatedto �t thewholeutterance.The
templatespeci�ed by the user, thoughintuitive during model-
ing, maynotbeoptimalfor triangulation;thusthetemplatesare
re-segmentedwith new boundaries,anddifferenttriangulation
searchesarerun on the resultsof eachboundarysearch.[15]
For eachboundary, 205triangulationsaregeneratedandtimed.
Then,a largersetof 4265greedyheuristicsaretried on thetop
four boundaries.

4.2. GeneticAlgorithms for Triangulation

GeneticAlgorithms(GAs)[16] areaclassof evolution-inspired
search/optimizationtechniquesthatperformparticularlywell in
problemswith complex, poorly understoodsearchspaces.The
fundamentalideais to encodeproblemsolutionsasgenes,and
to evolvesuccessivepopulationsof solutionsthroughtheuseof
geneticoperators(selection,crossover, andmutation).Potential
solutionsareevaluatedaccordingto a task-speci�c�tness func-
tion which representsthe desiredoptimizationcriterion. The
individual stepsareasfollows:

Initialize: Randomlygenerateapopulationof genes.
While �tness improvesby acertainthreshold:

Evaluate�tness: calculateeachgene's �tness
Applyoperators: applytheselection,crossover, andmutation
operatorsto createanew population.

The selectionoperatorprobabilisticallychoosesgenesfor the
next generationsothat �tter geneshave higherchancesof sur-
vival. Crossover combinestwo genesto createnew genes,in
effect exploringnew regionsof thesearchspace.Mutationcre-
atesgeneticdiversityby randomlyalteringpartsof anexisting
gene.GAsprovidenoguaranteeof �nding theoptimalsolution,
but often�nds goodsolutionsquickly andarerelatively robust
againstprematureconvergenceto localoptima.

We choseto applyGAs to triangulationsinceGAs canad-



Variables Sec/100frame UtteranceTime(sec) Speedup
total det MH GA Base MH GA � MH � GA

FeatureDetect 9 6 8.94 6.77 fail 21.8 16.2 1 1
MultiStr eam 14 9 2.92 2.03 63.9 2.42 1.68 26.4 38.0
CTS Decode 9 6 16.39 11.7 24.7 8.80 5.20 2.80 4.75
PhoneFree1 50 35 1.49 1.56 0.34 0.35 0.34 0.97 1.00
PhoneFree2 40 28 0.909 0.896 0.24 0.22 0.22 1.09 1.09
Mandarin 10 6 7.39 7.89 41.92 41.14 45.43 1.02 0.923
Edit D. 1 training 10 9 0.847 0.831 11.84 9.19 9.37 1.29 1.26
Edit D. 1 decoding 11 10 0.226 0.222 2.62 2.58 2.67 1.02 0.98
Edit D. 2 training 10 9 0.288 0.286 2.16 1.87 1.89 1.16 1.14
Aurora Decode 6 4 0.163 0.163 27.28 27.14 27.18 1.00 1.01

Table 1: Experimentalresults. 1st column shows total numberof variablesper frame and numberof deterministicvariables.
Base:Baseline,MH:multiple heuristics,GA:geneticalgorithm,all timesin seconds.Thespeedups,� MH, � GA are“UtteranceTime”
ratiosBase/MH,Base/GA.fail indicatesthatall Baselinetriangulationswerenotdecodablewithin theavailablememory

dressthe two problemscommonto speech/languagegraphsin
a principledmanner. First, to allow for searchon all possible
triangulations,eachgenein theGA is de�ned to representsome
triangulation. All potential �ll-in edgesare encoded,so the
spaceof all possibletriangulationsis availableto theGA. This
standsin contrastto vertex elimination,which cannotsearcha
certainsubspaceof triangulations.Sincethe optimal triangu-
lation for graphswith deterministicdependenciesoftenexist in
this subspace,GAs have the potentialto �nd bettertriangula-
tionsof real-world graphs.

Second,we de�ne theGA �tness functionasthetriangula-
tions' inferencespeedon real data. Speci�cally, the �tness is
calculatedby runninginferenceona triangulationandcounting
thenumberof framesprocessedin a �x ednumberof seconds.
(Alternatively, we cancountsec/frame,asdonein the Results
section.)If eachevaluationis allowedto run for a largenumber
of seconds,the �tness will morecloselyapproximatethe true
timerequiredto performinferenceonalargedataset.Thereis a
tradeoff, however, assettingevaluationtimesmallenablesmore
triangulationsto be evaluatedandsearched.The advantageof
�tness functionsis thatit avoidstheuseof heuristicsto evaluate
a triangulation's quality, andallows for direct optimizationof
thequantitydesiredin real-world situation. It shouldbenoted
that �tness functioncanalsobemodi�ed to accountfor mem-
ory usageandotherpracticalconsiderations,suchthatmultiple
waysto judgetriangulationscanbejointly evaluated.

The selectionoperatorsusedherearestandardGA opera-
tors suchas roulettewheel selectionor tournamentselection.
Crossoverof two parenttriangulationsis doneasfollows: First,
eachparentgraph replicatesitself to producea child graph.
Then, edgesbetweenthe children graphsare swappedwith
someprobability, in effect creatingtriangulationsthatarecom-
binationsof bothparents.

We extendthis crossover approachto allow for “boundary
search”,aswasdonein MH. We allow triangulationsbasedon
differentboundariesbut restrict crossover to genesthat come
from thesameboundary. This is theideaof selectivecrossover,
andhasthe effect of creatingseveral “species”of genes.This
techniqueimprovesrobustnessagainst local optimumanden-
largesthesearchspace.All of theboundariesareplacedin the
initial population,but oneboundaryeventuallydominates.

In mutation,a randomedgefrom thesetof all possible�ll-
in edgesis chosen.If thechosenedgeexistsin thegene,thenit
is deleted;otherwise,it is added.However, if deletion/addition
causesan untriangulatedgraph,the changeis undoneandan-

other randomedgeis chosen. We show that the spaceof all
possibletriangulationscanbe traversedusingthis singleedge
mutation:

Lemma 1. Let G = (V; E ) be a triangulatedgraph and let
G0 = (V; E 0) bea spanningtriangulatedsubgraphof G with
jE nE 0j = k. Thenthereis anincreasingsequenceG0 = G0 �
::: � Gk = G of triangulatedgraphsthat differ by exactlyone
edge. [17, Lemma2.21,page20]

Theorem 2. Given any two triangulations of a graph,
Ta (G) and Tb(G) there is a sequenceof triangulatedgraphs
Ta (G); T1(G); T2(G); :::; Tb(G) with only a single edge dif-
ferencebetweensubsequentgraphsin thesequence.

Proof. SupposebothTa (G) andTb(G) arespanningsubgraphs
of someTs (G). Fromlemma1 onecancreateaseriesof graphs
from Ta (G) to Ts (G), andlikewisea thereexistsa seriesfrom
Tb(G) to Ts (G) which canbe followed in reverseto get from
Ts (G) to Tg (G). OnecanalwayschooseTs (G) to bethecom-
pletegraph.

This is an importantproperty, as it shows that the GA is
ableto searchall possibletriangulationsfrom any initial condi-
tion. Finally, wecompareourwork to previouswork in genetic
triangulation[13] andnotesigni�cant differences.First, [13]
searchesfor eliminationorders,whereasour methodsearches
all possibletriangulations.Second,weevaluategenesusingin-
ferencespeed(CPU time) on real data,ratherthanheuristics,
which is morepracticalfor usersof graphicalmodels.

5. Experimentsand Results
For our experiments,we evaluatedthe MH and GA on a di-
versesetof speech/languagegraphicalmodels. The goal is to
seewhethereitherof themconsistently�nds bettertriangula-
tions in real-world situations,ascomparedto standardtriangu-
lation techniques.We collected10 real-world graphicalmod-
els from variousspeech/languageresearchers:Aurora Decod-
ing - wholeword modelfor digit recognition,CTS Decoding-
continuousspeechrecognitiongraphusingmonophonesandbi-
gram,Edit Distancetraining 1, 2,decoding- graphsfor learn-
ing editdistanceparametersfrom data[7], FeatureDetect- for
extractingphoneticfeatures,courtesyof SimonKing, Phone-
Free 1, 2 - isolated-word scoringusing a phone-freemodel,
from KarenLivescu,Mandarin - graphsfor modelMandarin
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Figure3: Comparisonof GA andMH searchon(a)FeatureDe-
tect and(b) MultiStr eamgraphs.Theplotsshow theinference
speed(seconds/frame)of thecurrentbesttriangulationfoundas
afunctionof searchtime(seconds).Triangulationsfoundby the
MH andGA areshown asdashedandsolid lines,respectively.
NotethatGA improvesinferencespeedatamuchfasterrate.

Chinesetonalphoneswith asynchronousspectralandpitch fea-
ture streams[18], MultiStr eam - asynchronousmulti-stream
traininggraph,basedongraphsusedin [1] and[2].

We evaluateour triangulationalgorithmwith two criteria:
�rst is theinferencespeedperformanceof theresultingtriangu-
lation,andsecondis thesearchtime required�nd a goodtrian-
gulation. For the�rst criteria,theperformanceof MH andGA
are comparedwith a baselineof standardtriangulationmeth-
ods: 6 methodsare usedto create600 triangulationsand for
eachmethodthe triangulationwith thebeststatespaceis cho-
sen.These6 triangulationsplusa triangulationcreatedby one
single clique of all variablesare timed, and the best is given
in the resultsand referredto in the tableby ”Base”. Table1
comparesthe time performanceof eachmethod. The column
labeled“Sec/100frames”givestheamountof time requiredfor
evaluatinga short sequenceof frames,as reportedduring the
searchprocess.This is theobjectivefunctionoptimizedby both
MH andGA (Baselinedoesnot optimizeon inferencespeed,
so it doesnot have this number). A resultmore indicative of
inferencetime asseenby the end-userof the graphicalmodel
is reportedin thecolumnlabeled“UtteranceTime”, which lists
the numberof secondsrequiredfor performinginferenceover
a numberof completeutterances(or sentences).Thespeedim-
provementof MH andGA over instanttriangulationtechniques
areshown in thecolumnlabeled“Speedup”.It is de�ned asthe
ratio of utterancetimes (e.g. � MH= Base

MH , � GA=Base
GA ), and

shows therelative improvementin inferencespeedonegetsaf-
terspendingsometimeto acquirea triangulationby MH or GA
methods.As seen,both MH andGA speedupsarevery high
andquitecomparable.

For the secondcriteria, we comparethe searchtime for
MH andGA: Fig. 3 shows the improvementof triangulations
asa function of searchtime. For both plots, it' s importantto
notethat theGA achievesgoodtriangulationsat a muchfaster
ratethanthe MH. This meansthat a researchercaneasilyuse
GA searchwithin thedevelopmentcycle of a speech/language
graphicalmodel, like onedoeswith the baselinetriangulation
techniques.

6. Conclusions
We have addressedthe important issueof making inference
taskstractableon graphicalmodelsfor speechand language
processing.Theproposedgeneticalgorithmsearchesthespace
of all possibletriangulationsand optimizesthe triangulation

basedon inferencespeedon real data. We demonstrateon
10 real-world speech/languagegraphsthat our methodoutper-
forms conventional triangulation techniques. All the above
algorithms have been implementedin the publicly-available
GraphicalModels Toolkit (GMTK) [19]. It is our hopethat
our work in triangulationsearchwill encouragemoregraphical
modelresearchin speechandlanguageprocessing.
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