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Abstract

We obsere that certain large-clique graph tri-
angulationscan be useful for reducingcompu-
tational requirementsvhen making querieson
mixed stochastic/deterministigraphical mod-
els. We demonstratehat mary of theselarge-
clique triangulationsare non-minimal and are
thus unattainablevia the elimination algorithm.
We introduce ancestal pairs as the basisfor
novel triangulationheuristicsand prove that no
more than the addition of edgesbetweenan-
cestral pairs needbe consideredwhen search-
ing for statespaceoptimaltriangulationdn such
graphs. Empirical resultson randomand real
world graphsare given. We also presentan al-
gorithmandcorrectnesproof for determiningf
a triangulationcan be obtainedvia elimination,
and we shaw that the decisionproblemassoci-
atedwith nding optimal statespacetriangula-
tionsin this mixedsettingis NP-complete.

1 INTRODUCTION

When expressinga probability distribution as a Bayesian
network, it is often bene cial to include variableswhose
valueis a deterministicfunction of othervariables.These
variableshave avariety of possibleusessuchastherepre-
sentationof hard or soft constraintd10]. Onemight also
usea hiddendeterministicvariableto factora denseprob-
ability tableinto a productof smallertables. Even when
thegraphdesignedoesnot specifydeterministicvariables,
methodshave beendevelopedto discover thesefactoriza-
tions[31]. In additionto their computationabhdwantages,
they are often a powerful representationabol in that de-
terministicvariablescanhave real meaningandtheir pos-
terior probabilitiesp(djevidence areoften neededor fur-
ther“semantic”processingTheir usefulneshasprompted
abodyof researcton ef cient calculationsn mixeddeter
ministic/stochastigraphg10, 13, 11, 7, 20, 3].

Computing probabilistic quantitiescan be done using a
junctiontree[22, 27], asa searchprocedurd3, 10], or us-

ing a hybrid schemg10]. All exactinferencemethodsn
oneway or anotherimplicitly de ne atleastonegraphtri-
angulation[17], andmary of themodernhybrid techniques
cantake adwantageof a goodtriangulation.

A common measureof triangulation quality is the size
of the clique potentialsformedin traditionaljunctiontree
messagepassing,usually called the statespaceor weight
[22, 19, 32]. Speci cally, the state spaceor cardinality
of a vertex v, notatedjvj, is the numberof distinct val-
uesit may hold. The statespaceof a cliqued:, hold-
ing verticesvy;Vvy; i vk is de nedasS(C) = ikzl jVij.
Lastly, the statespaceof agraph,G, WiH‘I maximalcliques
C1;Cz;::Cy isdenedasS(G) = <, S(Ci). This
measurds not fully adequatgo describethe utility of a
triangulationin every situation. Varying methodsof com-
putingprobabilitieshave differentperformanceandawide
varietyof time-spaceradeoffs. Searchmethodsanberun
in constanmemoryandusetriangulationgwhichareoften
valuespeci c) only indirectly. In addition,combinationof
deterministicfunctionsand evidenceform constraintghat
cancreatdargenumbersf zerosin thedistribution. Meth-
odssuchaszerocompressioiil6] andconstrainfpropag-
tion [12, 3, 20] canbe usedto exploit this, but the costs
of querieson sucha distribution aredif cult to determine
withoutactuallyperformingthe computation With this be-
ing said,statespacecangive ameasuref theupperbound
of thecomputationatequirementsAs will beseenwe ob-
tain signi cant wall-clock speedupsinderthis assumption
usinga modernprobabilisticinferenceengine.

Thisleadsto thequestiornf whatmethodshouldbe usedto
exploit deterministicvariablesin inference.Herewe con-
sider arbitrary deterministicfunctions (other techniques
exist for certainclasseof functions,suchas sums[23]).
In this work we usea hybrid approachwherea junction
treeis formed,but a searchis usedto procesghemessages
enteringandleaving the individual cliques. This cantake
adwantageof someof the constraintdmposedby the joint
effect of determinismandevidence but a morebasicopti-
mizationcomesfrom the factthatthe valueof a determin-
istic variablecanbe uniquelydeterminedjivenits parents.
For a given parentcombinationit contribtutesonly a con-
stanttime factorto evaluatethe function, and performing



this calculationdoesnot requirezero compressioror ary
form of constraintpropagtion. If deterministicvariable
livesin a maximal clique thatis missingone or more of
its parentsjts valuecannot be determineduniquelyandit
needsto be iteratedjust asif it were stochastic.We now
modify our de nition of clique statespaceo re ect this:

De nition 1. Thestatespaceofaclique,C, withv;:::; v,
andthe setD = fvjvis deterministicandparentofv 2
Cgis: S(C) = " ,,cnp Vi

Giventhisnew optimizationcriterion,weshav in Section3

that on graphswith deterministicvariablestriangulations
with large cliquescanuseunboundedlyfesscomputational
resourceshantriangulationghat minimize treevidth. But

beforethis, we will presenbackgroundnformationontri-

angulation.

2 BACKGROUND

In this section,we de ne muchof the notation,terminol-
ogy, and known theoremsrequiredin later sections. A
chord is anedgeconnectingwo non-consecute vertices
in acycle. A graphis triangulated if it containsno chord-
lesscyclesof lengthgreaterthanthree.A triangulation of
agraphG = (V;E) is a(possiblyempty)setof edgesF
suchthatE \ F = ; andthegraphT(G) = (V;E[ F)
is triangulated. The edgesin F are called ll-in edges
Thetermtriangulationwill alsobe usedto meanthegraph
T(G). GivenagraphG = (V;E), the neighbors of
v 2 V aredenedasNEg(v) = (w 2 Vjfv,wg 2 E).
A triangulationF of graphG = (V;E) is minimal if
G® = (V;E [ Fo) is not triangulatedfor ary Fo F.
A edgeeisanon-minimal edgein T1(G) = (V;E[ F) if
T2(G) = (V; E[ Fne)isalsotriangulatedA cliqueis aset
of verticesfor which every vertex in the setis connectedo
every othervertex in the set. A maximal clique is aclique
thatis not a subsetof somelarger clique. The treewidth
of atriangulatedgraph[2] is the sizeof its largestmaximal
cligueminus1. Thetreevidth of anarbitrarygraphis the
smallestwidth of all triangulations.A vertex is simplicial
in thegraphG if NEg (v) form acompleteset. Triangulated
graphswith morethanonenodehave atleasttwo simplicial
vertices.

Vertex elimination [28, 8, 9] is an algorithmthat canbe
usedto triangulategraphs. An elimination order is a bi-
jection :f1;2;::;jVig$ V. Weuse (v) to denotethe
integer position of nodev in the ordering , and (i)
to denotethe vertex indexed by the integeri in ordering
. Thede ciency [28] of avertex v in G is: Dg(Vv) =
(fu;wgjfv;ug 2 E;fv;wg 2 E;fu;wg 2 Eg). Given
G = (V;E), thev-elimination graphG, is de ned by
addingthe edgesDg(v) andthendeletingv andits in-
cidentedgesfrom G. CreatingG, from G is knowvn as
eliminatingthevertex v. Theelimination graph, denoted
as (G), istheoriginal graphG with the additionof ary
edgesaddedat eachstepin the elimination process(see
[28], M TE(G; )). A perfect ordering is anorderingfor

which eliminationaddsno edges.

All eliminationgraphsaretrian-
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gulated[28], and a graphis tri-
angulatedf andonly if it hasa
@ ) perfecteliminationo_rdering[ZS,
Figure 1: Triangulation Theoreml]. Sometriangulations
(b) of (a)impossiblewith Of a graphcannot be generated
elimination[25] via any elimination order ([25]
andFigurel). Eliminationcan,however, createary mini-
mal triangulation[25]:
Theorem?2. If T(G) = (V;E[ F) isaminimaltriangula-

tion of G = (V; E), thenthere existsan eliminationorder
sudthat (G) = T(G) [25, Theoeml].

Thechoiceof triangulationcanmake anexponentialdiffer-
encein thetimeandmemoryneededor inferenceand nd-
ing an optimal oneis NP-hard[2, 32], so heuristicsearch
methodanustbeused.Many searchmethodsexist, andare
often basedon choosingan orderingof the nodesfor ver
tex elimination[18, 19, 24, 28]. Mostheuristicghatdo not
involve elimination (suchas|[6, 26]) will chooseminimal
triangulationsover non-minimaltriangulations.

3 MINIMAL VERSUSNON-MINIMAL

With a senseof the usefulnesof deterministicvariables
andbackgrouncbn triangulationandelimination,we con-
tinueby discussingvhenandwhy onewould wantto move

beyond corventionaltriangulationtechniqueslt is a com-
mon belief that triangulationsthat minimize clique size
are desirablefor usein computingquerieson a graphical
model. Thereasornis thatit canbe shovn thatmary of the
metricsof performanceare upperboundedn someexpo-

nentialfunction on w, the inherenttreenidth of the graph
[7, 13]. Although w canform an upperboundit is not
necessarilyoptimal. An instanceof thisis whenit maybe
moredesirableto clustermary small cardinalityvariables
togethetin a cliqueto avoid increasinghe sizesof cliques
that containlarge cardinality variables. In addition,some
gueriescan be performedon junction treeswithout actu-
ally storingthe clique potentialsin memory;insteadonly

the separatopotentialsare stored. In sucha schemeone
might wantto increaseclique sizeto reduceseparatosize
and, in turn, reducememoryrequirementgat the cost of

moretime) [11]. Also see[1] wherelarge cliquesareused
to reducejunctiontreeclique degree. Laterin this section
it will be shavn thatlarge cliquescanbe bene cial when
deterministicvariablesarepresenin thegraph.

In graphswithout deterministicvariables statespaceopti-
mal triangulationsmight not alwaysbe treewidth optimal,
but we shav herethat they will always be minimal and
thereforeobtainableusing someeliminationorder Many
papersattemptto minimize statespaceby searchingover
eliminationorders[19, 24] implying thatthis theoremhas
beenassumedn the past, but we have not found a pub-
lishedproofin theliterature. The proof of thefollowing is
givenin the Appendix:



(d) not possible
with elimination

Figure 2: Non-eliminationbasedriangulationwith unbounded
improvementover elimination

Theorem 3. Givena graphG = (V;E) wheee all of the
variablesare stocasticand havestatespace 2, some
eliminationgraphof G will haveoptimalstatespace

Whenusingdeterministiovariables statespaceoptimaltri-
angulationgmight not be obtainablefrom ary elimination
ordet ConsiderFigure2 whered is a deterministicfunc-
tion of its parentsa andb, the cardinalitiesof a; b;c and
e areall , andthe cardinalityof dis 2 1 (thelargest
sensiblecardinalityfor d). This graphis triangulatedasis,
andits statespacewith no additional ll-in is2 4 2 If
oneconsiderghe graphin Figure2(b) the costis reduced
to 4+ 2 2. Onemightalsorun elimination begin-
ning with d, resultingin the graphof Figure2(c) andcost

4. Noneof thesenorary eliminationorderingwill givethe
optimaltriangulationseenn Figure2(d) having statespace
of 2 3. This statespaceis a factorof smallerthanany
eliminationbasedriangulation.Onemight alsonoticethat
in this examplethe problemcanbe solved by transforming
the graphinto onethat doesnot include the deterministic
variable wherea andbarebothconnectedlirectly c ande.
Standarceliminationcanthenbe usedon the transformed
graph.Althoughthisapproactcouldwork, it will beshovn
in Section5 andFigure 3 thatthe optimal choiceof which
transformation$o make cannotbe madelocally andis not
ary simplerthanchoosinga lI-in.

4 ELIMIN ATION GRAPH DETECTION
AND COMPLEXITY

It hasbeendemonstratethat eliminationis unableto cre-
ate certain (potentially useful) triangulations,but given a
triangulation how canonetell if aneliminationordercould
have generated? We give a polynomialtime algorithmto
solwve this problemin Algorithm 1, anda correctnesgroof
is givenin the Appendix. It takesasinputagraph,G, and
atriangulation,T (G), andreturnstrueif T(G) canbeob-
tainedby someeliminationorder This algorithmis essen-
tial in our resultswherewe shawv thatmostof thedesirable
triangulationsn our testsetcould not have beengenerated
by elimination.

Next, we give resultson the computationacompleity of
nding triangulationgn the mixed stochastic/deterministic
setting. It was proven in [2] that it is NP-completeto
determinewhethera graph has treewidth k. It was
provenin [32] that nding optimal statespacetriangula-
tionsin graphicalmodelswith binaryvariablesis NP-hard
through a reductionfrom the Elimination Degree Se-

Algorithm 1 isEliminationGraph

OninputhG = (V;E); T(G) = (V;E [ F)i
if jVj = Othen
returntrue
else
A = fvj(v simplicialin T(G)) & (NEg (v)= NEr (6)(Vv))g
if A= then
returnfalse
else
v 2 A, returnisEliminationGraphGy, (T(G))v )
endif
endif

guence problem. Herewe statethat the decisionversion
of the triangulationproblemremainsin NP for ary poly-
nomialtime heuristicf (T(G); 1), wherel containsvertex
informationsuchascardinalityanddeterminismThisgen-
eralde nition allows usto prove NP-completenes®r de-
terminingif a triangulationis sufciently goodunderour
modi ed de nition of statespace.We shav thatthe state
spaceproblemremainsNP-completethrougha reduction
from thetreawidth problem.This reductionis simplerthan
the reductionfrom the Elimination Degree Sequence
problemandis valid for variableswith arbitrarycardinali-
ties. Seethe Appendixfor the proofs.

De nition 4. MAXTRI= thG = (V;E);I;
triangulationwith f (T(G);1) < ¢

Theorem5. MAXTRIisin NP for all polynomialf (G;1).

De nition 6. MAXSRTESRRCE = fhG =
(V;E);I; ijGhasaT(G) with statespace< ¢
Theorem7. MAXSRATESACE is NP-complete

i ] G hasa

5 ELIMIN ATION WITH EXTRA FILL-IN

At this point, we know that eliminationaloneis not suf-
cientto generateall triangulations,and more importantly
somegraphswith deterministicdependenciesan not be
optimally triangulatedby ary eliminationorder Because
nding state spaceoptimal triangulationsis NP-hard, it
is necessaryo develop heuristicapproacheshat are able
to nd the desirednon-minimaltriangulations. This sec-
tion describesan algorithm called extra-eliminationthat
extendseliminationto male it possibleto nd ary trian-
gulation. This algorithmis given herein its mostgeneral
form, but at this point it hastoo much e xibility. Laterin
the paperwe limit its optionsto make it a practicalsearch
algorithm.

De nition 8. Extra-Elimination : Alternatethe follow-
ing two stepsuntil no verticesremain: (a) Add edgsto
the currentgraph, (b) Eliminatea vertex. When nished,
take theunionof the extra edgesaddedin the (a) stepsand
the Il-in edgesaddedin the (b) stepsandaddthemto the
original graph.

Extra-eliminationallows extra edgesto be addedat ary
point during the elimination process(with the restriction
thatoneis not allowed to add extra edgesto a vertex that
has alreadybeeneliminated), but the sametriangulation
will resultregardlessof whenextraedgesareadded.
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Figure 3: Figures(a)-(c)illustrateancestrakdges.Figures(d)-(i) illustratewhy the choiceof ancestrapairscannot be madelocally.

Variabled is deterministidn all graphs.

Extra-eliminationcanbe considerablyconstrainedy tak-
ing into accounthatwe areconsideringBayesiametworks
with deterministicvariableshathave valuesgivenby arbi-
trary functionsof their parents.In sucha graph,moraliza-
tion will causeeachdeterministicvariableto bein at least
onemaximalcliquewith its parentsput the variablemight
alsobe amemberof othermaximalcliquesdueto its non-
parentneighbors.In thesecasesve cansometimeseduce
thestatespaceby adding Il-in  edgeghatensurehatevery
cliguethatcontainsadeterministiovariabled alsocontains
d's parents. We call edgesthat that can accomplishthis
goal ancestal edgesandtheseare the edgesthat we will
pick from whenchoosingextra ll-in edges.

De nition 9. Anancestraledgeis onethatconnects par-
entof a deterministicmoded to a child or undirectedneigh-
bor of d. Anancestralpair is a pair of nodessud thatan
edee betweerthemwouldbe ancestal.

Ancestraledgesare namedfor the casewherethey con-
necta nodes parentto the nodes child, but they canex-
ist for a numberof reasons.Theseincludea deterministic
nodes undirectedneighborsgained during moralization,
undirectedneighborsneededto triangulatethe graph, or
a neighborfrom anotherancestrakdge(seeFigures3(a)-
3(c)). In certaincontets there might be neighborsfrom
othersourcesaswell, suchasDBN frameboundaried4]
or thecreationof cliquesfor the analysisof posteriors.

The following theoremstatesthat the optimal statespace
triangulationcan always be found using extra-elimination
wherewe limit the choiceof extraedgedo ancestrapairs.
The proof (in Appendix) shavs that the statespaceopti-

maltriangulationwill beaminimaltriangulationof agraph
augmentedby ancestrakdges.

Theorem 10. Eliminationwith extra-eliminationedge ad-
dition whee the extra edgesare limited to ancestal edges

is sufcient to nd an optimal state spacetriangulation
whenall cardinalitiesare 2.

Our problemis still not solved, though. Theorem10 only
tellsusthattheneededon-minimaledgeswill beancestral
in theoptimaltriangulation.Not all ancestraedgesmaybe
neededandnot all neededancestrabdgeswill be known
without knowing the rest of the optimal triangulation. It
might at rst seemthatwe canlook at eachdeterministic
node,d, with parentga(d), andnon-parenteighborc and
addancestraédgedetweerpad) andcif S(c[ d[ pa(d))
islessthanS(c[ d) + S(d[ pad)). For example,in Fig-
ure 3(d) choosingancestrapairswill only dependon the
cardinalityof d. Supposgaj = jij = j¢j = jej = 10and
jdj = 40, thenthegraphwill have a statespaceof 900with
no ll-in, andastatespaceof 2000when,asin Figure3(e),
all ancestrakdgeshave beenadded. In the generalcase,
the choiceof ancestrapairsneededor a statespaceopti-
maltriangulationcannotbemadewithoutknowing therest
of the triangulation. In Figure 3(f), either(a;c) or (f ;d)
andeither(b;e) or (d; h) needso beaddedn orderto tri-
angulatethe graph. Justasin Figure 3(d) it is not locally
optimal to addthe ancestrakdgesbut if (a;c) and(b;e)
areaddedo triangulatethegraph,asin Figure3(g), thean-
cestraledgeanight now be bene cial. If the cardinalityof
all of the stochastiozariablesis 10 andthe cardinalityof d
is 40, thenFigure3(g) hasa statespaceof 1210Q but Fig-
ure 3(h) thatincludesthe ancestrabdgeshasa statespace
of only 600Q

Extra-eliminationwith ancestrakdgesgivesa frameavork
for nding triangulationsin networks with deterministic
dependencieshut gives no guidanceon which ancestral
pairsshouldbe chosen.We now describea pre-processing
stepthataddsancestrabdgego agraph,andthisnew graph
is thentriangulatedusing standardelimination heuristics.



Theheuristicggivenherewill only chooseedgedrom what
wewill de ne aspre-triangulatiorancestrapairs. A pair of

verticesis a pre-triangulatiorancestrapair if anedgebe-
tweenthemis ancestrain the original moralizedgraph,or

ancestrabfter otherpre-triangulatiorancestrabdgeshave

beenadded Notethatthis de nition impliesarecursion:if

anancestrabdgeis addedt might createadditionalances-
tral pairs.

Four heuristicsfor decidingwhich extra edgesto addare
proposechere. The rst is to useall pre-triangulatioran-
cestraledges,called all-extra. The next is to randomly
selecta subsef pre-triangulatiorancestrakdges.called
sampled-gtra. The third heuristicis to choosethe pre-
triangulationextra edgesthat are locally optimal, called
locally-optimal-extra (lo-extra). Thatis, if we have adeter
ministic node,v, with parentpav) andnon-parenheigh-
bor c, the setof edgeshetweerc andpa(v) is locally opti-
malif S(c[ v[ paV)) < S(c[ v)+ S(v[ paV)). The
fourth methodis similar to all-extra, exceptthatit ignores
ancestrapairsthatarearesultof undirectecedgeqsuchas
from moralization).It only considersancestrapairsresult-
ing from childrenof deterministimodesplusary ancestral
pairsthatarerecursvely formedfrom otherancestrabdge
additions.Thismethods calledsome-gtra andis included
primarily to showv the effect of consideringhesdessobvi-
ousedges.

It shouldbestressedhatconsideringnly pre-triangulation
ancestraledgesdoes not considerall possibleancestral
edgetriangulations.The Il-in dueto aneliminationstep
could increasethe potential numberof ancestraledges.
This is illustratedin Figure 3(i). To considerall possible
ancestrapairsonewould alsoneedto recursvely consider
the additional ancestralpairs causedby the ll-in edges
addedaftereacheliminationstep.

5.1 RESULTS

The goal of the experimentds to comparethe four extra-

elimination heuristicsto elimination. For eachgraphand
eachof the four extra-eliminationheuristics,19642trian-

gulationsweregenerate@énd488of theseweretimed. The

sameprocedurevasrepeatedour timesusing pureelim-

ination. Therearetwo reasongor this repetition. First,

it providesa fair comparisorbetweereliminationandthe

overall bestof thefour extra-eliminationmethods Second,
it ensureghata large partof the eliminationsearchspace
hasbeenexplored.Notethatthe eliminationtriangulations
have asigni cant advantageoverthefour extra-elimination
methodsndividually.

The 19642 triangulationswere generatedising a variety
of stateof the art eliminationheuristics.20 one-stedook
aheadheuristicswere used, including minimum weight,
I, size,andvariouscombinationsandrepetitionsof these.
For eachlook aheadheuristictherewas an additionalpa-
rameteffrom 1-3wherethenext nodein theorderis chosen
randomlyfrom thetop x choices.This parameters similar
to the Stochastic-Greedplgorithm givenin [15]. Maxi-

| best|< 2| 2- 4] 4 8] 8 16/ 16|

all-extra| 240 | 98 14 1 3 0
sampled-extrg 76 |186| 59 27 5 3
some-extrg 50 |204| 71 21 7 3

lo-extra| 18 | 63 58 68 54 95
elimination| 15 | 43 58 66 56 118

Table 1: 'best' gives numberof randomly generatedgraphs
the methodwasthe fastest.'< 2' givesnumberof graphsthe
methodwasnotthebestbut took < twice thetime of thebest etc.

Elimination |

Non-Elimination ‘ ‘ ‘ ‘ ‘ ‘ |

0 50 100 150 200 250 300 350

Figure4: Numberof randomgraphswherethefastestriangula-
tion is aneliminationgraphversusnot obtainableby elimination

mum cardinalitysearchwasalsoused bringingthetotal to
61. For eachof the 61 methodsonetriangulationwascho-
senfor timing by having the loweststatespacefrom sepa-
rate poolsof 100, 50, 10, and 1 triangulations.All of the
abore wererepeatedisingamodi ed statespaceheuristic.

Thetriangulationsveretimedon a calculationof the prob-
ability of evidence stoppingif morethan1 Gb of memory
was used. Our probability computationengineis hybrid

inference/searcfl0] wheremessaggassings doneover

the junction tree and searchis donewithin a clique. For

searchwe usean algorithmthat consistsof backtracking
andanoptimizedstaticvariableordet

The rst setof graphds composeaf 356 randomlygener

atedBayesiametworks. Eachgraphhas30 nodesa max-
imum in-degreeof 4, andthe setof edgesis chosenuni-

formly over all graphsful lling the constraintsEachnode
hasa0.5probabilityof beingdeterministianda0.1proba-
bility of beingobsened. Thestochasticariableshave car

dinalitiesbetweer? and5 andthe obseredvariableshave
a cardinalityof 50. Thedeterministicvariableshave cardi-
nalitiesbetweer? andandthe productof their parents'car

dinalities,with a upperboundof 125. For eachgraph,the
fastestriangulationfrom eachof the ve methodss cho-
sen. Table 1 gives countsof the numberof graphswhere
eachmethodwasthe bestoverall, andthe numberof times
eachmethodwasvariousordersof magnitudeslower than
the best. Figure 4 compareghe numberof graphswhere
the besttriangulationcould and could not have beencre-
atedusingelimination(determinedisingAlgorithm 1). Ta-
ble 2 givesresultsover setsof graphswith a x ed number
of deterministicvariables. With little determinism there
is lessopportunityfor improvementover elimination,and
with muchdeterminisnthetotal statespaceof the graphis

small andthe solution can be found quickly regardlessof

thetriangulation.

The secondsetof results(Table 3) usesl10 real-world dy-
namic Bayesiannetworks. In additionto whatwas done
ontherandomgraphsa setof 488triangulationsvasgen-
eratedusingoneinstanceof maximumcardinalitysearch,
minimum weight, I, or size (labeledonce. This is to
compareour eliminationbaselindo atypicalbaseline The



# deterministic| 5 10 | 15 20 | 25
all-extra | 82.8%] 935% | 100.0%) 87.5%| 100.0%

sampled-extra| 82.8 |871 68.3 |75.0 |100.0
some-extra| 62.1 |710 70.7 |75.0 [100.0
lo-extra|44.8 |516 17.1 |50.0 89.3
elimination |58.6 |355 9.8 |54.2 71.4

Table2: % of randomgraphswith x ed# of deterministicvari-
ables(out of 30) wheremethodgave the shortestinferencetime
orwas<2 shortest.

following are descriptionof the graphs. Aurora Decod-
ing: whole word modelfor speectrecognition,[5]. Edit
Distancetraining 1, 2, decoding learnsedit distancepa-
rameterdrom data[14]. Feature Detect extractsphonetic
featuredfrom speechdata.lmage ConceptDetect for im-
ageclassi cation. Mandarin: speechrecognitiongraph
modelingtonalphoneaisingasynchronoueaturestreams
[33]. MultiStr eamt speechrecognitiortraininggraphwith
asynchronoufeaturestreamsasedn[34]. PhoneFreel,
2: word pronunciatiorscoringusinga phone-freemodel.

On the randomlygeneratedjraphs all-extra wasthe over-

all winner scoring the beston over half of the graphs.
Sampled-gtra was the secondbest overall, followed by

some-gtra. Lo-extra and elimination performedpoorly
overall. All-extra performswell whenthereis a high per

centageof determinism(asin this setof randomgraphs).
Onemight concludethat all-extra is the only methodthat
shouldever be consideredbut in onecaseit was15times
as slow as the best (which was an elimination graph).
Sampled-gtra hasthe potentialto performvery well asit

subsumesll of the other methods,but the large number
of ll-in choiceskeepit, on average slower thanall-extra.

The resultson the real-world DBNs were muchlessdra-
matic. This becausé¢hecliquesthatarenecessariljormed
whenpartitioningthe DBNs canaccountfor a majority of

thecomputeime andmalke thegraphdairly denseo begin

with (se€[4]). Theextra-eliminationheuristicggave signif-

icantimprovementon 4 graphswith 2 morethandoubling
in speed. The medianperformanceof the new heuristics
wasmuchbetterin mary casesbut poorin others.

6 CONCLUSION

This paperhasshowvn that large clique triangulationscan
be computationallyusefulon graphscontainingdetermin-
istic variables. An examplewas given wherethe optimal

triangulationhas a state spacethat is arbitrarily smaller
than all elimination basedtriangulations. An algorithm
was presentedo determineif a triangulationcould have

beengeneratedsingelimination,andit wasshavn thatthe
generalizedriangulationproblemis NP-complete.Extra-
eliminationwasintroducedas a frameawork for producing
ary triangulation,andit was proven that extra edgescan
belimited to theancestrabdgeswvhenoptimizing for state
space Novel heuristicsbasedn ancestrabdgeswverepre-
sentedandresultswere given on randomlygeneratecind
realworld graphs.Futurework will includea joint search
for triangulationandwithin-clique dynamicvariableorder

ingsfor usein hybrid inference/searcprocedures.

A APPENDIX

Lemma 11. If G = (V;E);G° = (V;E9 triangulated
with E  E%JE nEYJ = k thenthere is an increasing
sequenc&®= Gy 1 Gy = G oftriangulatedgraphs
that differ by exactlyoneedge. [21, Lemma2.21,page 20]

Lemma 12. ConsiderT(G) = (V;E [ F) with non-
minimal edee (u;v) andall v 2 C are stodastic. C is
the (necessarilyuniguemaximalcliquein T (G) that con-
tainsu andv in TYG) = (V;E [ F n(u;Vv)), C is split
into cliqguesC, = C nfugandC, = Cnfvg. Denec=
S(C nfu;vg), if C, andC, are maximalcliquesin TYG)
thenS(TYG)) S(T(G)) will bec(juj + jvj jujjvj). If
C, is asubsebfa maximalcliqueit is (1  juj)gjvj, if Cy
isasubseitis (1 jvj)cjuj, andif bothareitis cjujjvj.
Proof. The cliques not containingboth u and v will be
unafected by the edgeremoval. S(C) = ¢jujjvj, and
S(Cy) = ¢vj andS(Cy) = quj. O

Lemma 13. In a graphwhee all variablesare stohastic
with cardinality 2, a triangulation that is state space
optimaland minimalwill exist.

Proof. Supposewe have a non-minimal triangulation
T(G) and remove an edge (u;V) creatingTYG), from
Lemmal3S(TYG)) S(T(G)) < 0. FromLemmaill,
we cancreatea sequencérom ary T(G) to ary minimal
TYG), andthe statespaceof eachgraphwill be <= the
previousgraph. O

Proof of Theoem3. FromLemmal3andTheoren?2. O

Thefollowing lemmais assumedby [25] but never proven:

Lemmal4d. If Gy = (V;E), G, = (V;E[ Ep), (Gy) =
(VE[ F1),and (Gz) = (V;E[ Ez[ F2), thenF,
(E2[ F2).

Proof. Obviousfor jVj = 1, assumait is true for jVj =
N 1 andconsiderjVj = N. NEg,( (1))
NEg,(  *(1)), so Dg,( *(1)) (Do, (') [
E2). Therefore(Gi1) 11y is a spanningsubgraphof
(G2) 1q1y,andaproofby theinductionhypothesis. [

Theorem15. If G = (V; E) with ordering , thenfv;wg
isa ll-in of iff9achain|[v;vy;Vva; vk, w]in G sud
that (v;) < min( (v); (w))8i = 1::k [29, Lemmad].
Lemma 16. E (G) = T(G), (k) is simplicial in
T(G), and NEg( (k)) = NEr)( (k)), then =

( (K); @); @;:; (k 1); (k+ 1) (V) and
E (G) = T(G).
Proof. Eliminate T(G) accordingto (k) is simpli-

cial in T(G) so eliminating it will not add edges. For
i= Lk Lk+ 105V, (i) will have thesame
neighborseliminatingaccordingto  asit doeseliminat-
ing accordingto . Therefore, is a perfectorderingof
T(G). E(G) = (VVE[ F ),E(T(G)) = (V;E[ F)
fromLemmal4,F F.

Now supposeedge (v;w) 2 F but (v;w) 2 F .

NEg (' (k)) NEe (6)( (k) NEre)( (k) =
NEg( (k)), sov;w 6 (k). DeneS = fu 2 V :



Aurora | Edit Dist. Edit Dist. Edit Dist. Feature Image Multi- Phone Phone
H Decode| Train 1 | Train 2 | Decode | Detect | Detect |Mandarin ‘ Stream Freel Free2
Once % Fall %0.0 %2.0 %20.3 %17.8 %0.0 %0.0 %42.6 %0.0 %0.0 %25.4
0.9 0.1/36.5 36.1| 39.2 13.1 [1240.0 2714.4618.5 293.1 44.0 1.6 (129 0.2| 6.4 2.6 49 04 34.6 10.9
Median 0.9 36.0 36.1 96.5 576.4 435 13.1 5.6 5.0 45.1
Best 0.8 11.0 30.6 24.4 378.8 41.9 12.6 5.2 3.5 9.8
Elimination % Fail %0.0 %5.9 %8.3 %4.7 %22.3 %4.9 %34.0 %3.8 %15.7 %18.4
1.3 5.1(18.5 79.7| 83.4 294.6 | 264.4 1144.4{495.9 222.7 48.6 49.9 |12.8 10.1|20.4 118.7/138.5 1062.8(106.8 1081.5
Median 0.8 11.7 40.5 28.8 527.7 42.4 12.9 55 4.8 29.6
Best 0.2 2.8 4.6 1.0 12.2 28.5 6.8 3.0 2.2 4.2
Al % Fall %0.0 %8.8 %85.0 %88.7 %39.8 %74.8 %3.3 %1.2 %80.3 %54.1
0.4 13[11.4 359|575 366.1| 221.8 784.7 |646.9 216.7 48,5 869 | 84 55| 9.1 59.0 |768.7 2749.0/517.9 2020.7
Median 0.2 6.6 — — 1011.5 — 7.6 3.9 — —
Best 0.2 2.8 6.2 1.0 212.9 29.2 7.4 3.6 3.7 1.9
Samp. % Fall %0.0 %6.0 %34.4 %27.3 %61.1 %22.4 %12.7 %4.2 %44.7 %53.5
1.4 10.1 11.5 9.8 |356.3 1065.6 387.7 1145.8|/464.6 518.9102.4 63.7|10.1 8.9(19.2 71.2(1822.1 2737.62145.6 3351.7
Median 0.2 10.6 256.7 193.4 — 123.7 9.6 5.7 4633.9 —
Best 0.2 2.8 4.8 1.0 18.2 29.1 6.8 3.0 6.5 33.4
Some % Fall %0.0 %3.9 9%66.0 9%66.2 %8.8 %2.9 %4.1 %2.6 %35.5 %36.5
0.3 0.9(19.9 133.1] 289 52.2 | 117.6 462.1|108.3 192.0327.8 228.§ 8.3 3.6 |34.2 75.4|165.8 1371.0/169.9 1607.4
Median 0.2 6.8 — — 311 356.0 7.6 10.7 14.3 27.7
Best 0.2 2.8 6.2 1.0 12.7 29.2 7.4 3.0 25 3.5
L.O. % Fail %0.0 %4.1 %55.7 %)55.5 %30.5 %9.2 %2.5 %0.8 %38.1 %38.1
0.4 1.4| 9.1 3.9 |298.1 1272.3 102.4 387.0 (140.7 267.0 45.7 20.2| 8.0 3.4 | 53 14.0 | 61.1 262.2 232 47
Median 0.2 7.3 — — 130.1 42.9 7.0 3.6 39.2 23.9
Best 0.2 2.8 4.5 1.0 8.9 28.8 6.8 2.9 1.0 2.4
Median once/ elim. 1.04 3.09 0.89 3.35 1.09 1.03 1.01 1.02 1.04 1.53
Median once/ all 4.32 5.47 — — 0.57 — 1.72 1.44 — —
Median pnce/ samp. 3.94 3.40 0.14 0.50 — 0.35 1.36 0.98 0.00 —
Median once/ some 4.45 5.32 — — 18.51 0.12 1.72 0.52 0.35 1.63
Median once/ L.O. 3.90 4.90 — — 4.43 1.02 1.87 1.54 0.13 1.89
Bestonce/ Bestextra 5.02 3.94 6.75 25.14 42.39 1.46 1.86 1.78 3.57 511
Median elim. / all 4.17 1.77 — — 0.52 — 1.70 141 — —
Median elim. / samp. 3.80 1.10 0.16 0.15 — 0.34 1.34 0.96 0.00 —
Median elim. / some 4.30 1.72 — — 16.94 0.12 1.70 0.51 0.34 1.07
Median elim. / L.O. 3.77 1.59 — — 4.06 0.99 1.84 1.51 0.12 1.24
Bestelim. / Bestextra 1.16 1.00 1.01 1.00 1.37 0.99 1.00 1.02 2.29 2.21
Bestls Elim. no yes yes yes no yes yes yes no no

Table 3:

Amount of time in secondso computel100 DBN frames. Given are the % of timed triangulationsthat nished within

time/memorylimits, mean standardleviation, median,andbestof thetimingsthat nished. Ratiosof the medianandbestof onceand
eliminationarealsogiven. Thelastrow tellsif eliminationcouldhave producedhe bestoverall triangulation(or bestwithin error).

(u) < min[ (v); (wW)]gandS =fu2 V : (u) <
min[ (v); (W)]g. If k< min[ (v); (w)]thenS =S .
If k> min[ (v); (w)]thenS =S n (k). FromThe-
orem 15, thereis a pathin G, [v;vy1;Vz; i vi; w], where

(vi) 2 S 8i = 1l — but since(v;w) 2 F , no
suchpath[v; vi;Vvy; i Vin ; W] existsin G suchthat (v;) 2

S 8i = 1.:m. This, however, is a contradictionsince
S S . Therefore,we musthave that (v;w) 2 F .
ThereforeF = F. O

Theorem 17. isEliminationGaph will return true if and
onlyif F canbegeneatedby someeliminationorder
Proof. Firstwewill shawv if return=truethen9 suchthat
E = T(G). Theproofis by inductiononjVj. It holdsfor
jVj = 1, assumét istruewhenjVj = N 1, andconsider
whenjVj = N. We assumedeturn=true on hG; T (G)i,
soreturnsrue on Gy, (T(G)),i, andfrom the induction
hypothesis9 s.t. E (g,) = (T(G))yv. Construct by
concatenating to thefront of . NEg(v) = NEt(g)(V)
SONEg (G)(V) = NET(G)(V).

Nextweshavif = (V;E[ F) thenisEliminationGraph
will returntrue. Thiswill be proven by inductiononjVj.
Obviousfor jVj = 1, assumet istruewhenjVj= N 1,
andconsiderwhenjVj = N. We useLemmal6 to con-
struct from .G () iseliminatedin theorder n (k) it
will generatel (G) (), andfrom theinductionhypothesis
isEliminationGraptwill returntrue. O

Proof of Theoem5. Verify a memberof MAXTRI using
V ="OninputhV;E;I;F; i:1)BuildG = (V;E[ F).
2) Checkif G is triangulated.3) If f (G;1) < accept
otherwisereject’ jFj < jVj?, testingif G= (V;E[ F)is
triangulateds 2 P [29, 30]. O

Proofof Theoem7. MAXTREEWIDTH = fhG =
(V;E);ki j G has treewidth k g, is is NP-
complete[2]. To reducefrom MAXTREEWIDTH, give
v 2 V cardinality jVj and no determinism,and return
MAXSTATESRACE(G; | ;jVj**1). Thereare jVj 1
maximalcliquesin T(G), soif T(G) hasatreavidth k
we geta max. statespace(jVj 1)jVjk < jvj<*', and
MAXSTATESRACE will accept. If the treewidth of G is
k + 1themin. statespacdsjVj“*' andMAXSTATES-
PACEwill reject.Similarly, if MAXSTATESRACE accepts
thetreawidth  k andif it rejectsthetreenidthis> k. O

Lemma 18. ConsiderG; T(G) with cardinalities 2.

Supposean edee (p;c) is addedto form Tpew (G). If

S(Thew (G)) < S(T(G)) then(p;c) is ancestal with re-

spectto somedeterministionoded.

Proof From lemmal2, if the statespacedecreaseshe
maximal clique with p;c in Thew (G) cannot have only

stochastiovariables. Theremustbe deterministicvariable
d andamaximalcliqueC; 2 T(G) s.t.c;d2 C1,p2C,

wherep is a parentof d, andthe additionof (p;c) creates
anew maximalcligue C, suchthatC; C, andp 2 Cs.

Frommoralizationc cannotbea parentof n, soit mustbe
achild or undirectecheighbor O

Proof of Theoem10. The optimal statespacdriangulation
isT(G) = (V;E [ F). Dene setA asall edges2 F

andancestrain T(G), andG® = (V;E [ A). T(G) is
a triangulationof G°with ll-in F°= F nA. We want
to concludethat F % is a minimal triangulationof G° As-
sumethisis nottrue,and9 M F °suchthat Ty, (G9 =

(V;(E[ A)[ M) istriangulated FromLemmallthereis



anincreasingsequencef graphsfrom Tpin (G9) to T(G).
S(T(G)) is optimal s0 S(Tmin (G9) S(T(G)). If
S(Tmin (G%) > S(T(G)) at leastone graphin the se-
guencemust have a lower statespacethan the previous,
but from Lemma18 this is a contradiction. Therefore F °
is a minimal triangulationof G° and T (G) is an elimina-
tion graphof G°. If S(Tmin (G9) = S(T(G)), Tmin (G9
is alsoanoptimaltriangulationandeliminationgraph. [
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