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Abstract.

Graphical models provide a promising paradigm to study both existing and novel
techniques for automatic speech recognition. This paper �rst provides a brief overview
of graphical models and their uses as statistical models. It is then shown that the statis-
tical assumptions behind many pattern recognition techniques commonly used as part
of a speech recognition system can be described by a graph { this includes Gaussian dis-
tributions, mixture models, decision trees, factor analysis, principle component analysis,
linear discriminant analysis, and hidden Markov models. Moreover, this paper shows
that many advanced models for speech recognition and language processing can also
be simply described by a graph, including many at the acoustic-, pronunciation-, and
language-modeling levels. A number of speech recognition techniques born directly out
of the graphical-models paradigm are also surveyed. Additionally, this paper includes
a novel graphical analysis regarding why derivative (or delta) features improve hidden
Markov model-based speech recognition by improving structural discriminability. It also
includes an example where a graph can be used to represent language model smoothing
constraints. As will be seen, the space of models describable by a graph is quite large. A
thorough exploration of this space should yield techniques that ultimately will supersede
the hidden Markov model.
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1. Introduction. Since its inception, the �eld of automatic speech
recognition (ASR) [129, 39, 21, 164, 83, 89, 117, 80] has increasingly come
to rely on statistical methodology, moving away from approaches that were
initially proposed such as template matching, dynamic time warping, and
non-probabilistically motivated distortion measures. While there are still
many successful instances of heuristically motivated techniques in ASR, it
is becoming increasingly apparent that a statistical understanding of the
speech process can only improve the performance of an ASR system. Per-
haps the most famous example is the hidden Markov model [129], currently
the predominant approach to ASR and a statistical generalization of earlier
template-based practices.

A complete state-of-the-art ASR system involves numerous separate
components, many of which are statistically motivated. Developing a thor-
ough understanding of a complete ASR system, when it is seen as a collec-
tion of such conceptually distinct entities, can take some time. A impres-
sive achievement would be an over-arching and unifying framework within
which most statistical ASR methods can be accurately and succinctly de-
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scribed. Fortunately, a great many of the successful algorithms used by
ASR systems can be described in terms of graphical models.

Graphical models (GMs) are a 
exible statistical abstraction that have
been successfully used to describe problems in a variety of domains rang-
ing from medical diagnosis and decision theory to time series prediction
and signal coding. Intuitively, GMs merge probability theory and graph
theory. They generalize many techniques used in statistical analysis and
signal processing such as Kalman �lters [70], auto-regressive models [110],
and many information-theoretic coding algorithms [53]. They provide a
visual graphical language with which one may observe and reason about
some of the most important properties of random processes, and the un-
derlying physical phenomena these processes are meant to represent. They
also provide a set of computationally e�cient algorithms for probability
calculations and decision-making. Overall, GMs encompass an extremely
large family of statistical techniques.

GMs provide an excellent formalism within which to study and under-
stand ASR algorithms. With GMs, one may rapidly evaluate and under-
stand a variety of di�erent algorithms, since they often have only minor
graphical di�erences. As we will see in this paper, many of the existing
statistical techniques in ASR are representable using GMs | apparently
no other known abstraction possesses this property. And even though the
set of algorithms currently used in ASR is large, this collection occupies
a relatively small volume within GM algorithm space. Because so many
existing ASR successes lie within this under-explored space, it is likely that
a systematic study of GM-based ASR algorithms could lead to new more
successful approaches to ASR.

GMs can also help to reduce programmer time and e�ort. First, when
described by a graph, it is easy to see if a statistical model appropriately
represents relevant information contained in a corpus of (speech) data.
GMs can help to rule out a statistical model which might otherwise require
a large amount of programming e�ort to evaluate. A GM moreover can be
minimally designed so that it has representational power only where needed
[10]. This means that a GM-based system might have smaller computa-
tional demands than a model designed without the data in mind, further
easing programmer e�ort. Secondly, with the right set of computational
tools, many considerably di�erent statistical algorithms can be rapidly eval-
uated in a speech recognition system. This is because the same underlying
graphical computing algorithms are applicable for all graphs, regardless of
the algorithm represented by the graph. Section 5 brie
y describes the new
graphical models toolkit (GMTK)[13], which is one such tool that can be
used for this purpose.

Overall, this paper argues that it is both pedagogically and scienti�-
cally useful to portray ASR algorithms in the umbrage of GMs. Section 2
provides an overview of GMs showing how they relate to standard statistical
procedures. It also surveys a number of GM properties (Section 2.5), such
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as probabilistic inference and learning. Section 3 casts many of the meth-
ods commonly used for automatic speech recognition (ASR) as instances
of GMs and their associated algorithms. This includes principle compo-
nent analysis [44], linear discriminant analysis (and its quadratic and het-
eroscedastic generalizations) [102], factor analysis, independent component
analysis, Gaussian densities, multi-layered perceptrons, mixture models,
hidden Markov models, and many language models. This paper further
argues that developing novel ASR techniques can bene�t from a GM per-
spective. In doing so, it surveys some recent techniques in speech recogni-
tion, some of which have been developed without GMs explicitly in mind
(Section 4), and some of which have (Section 5).

In this paper, capital letters will refer to random variables (such as X,
Y and Q) and lower-case letters will refer to values they may take on. Sets
of variables may be referred to as XA or QB where A and B are sets of
indices. Sets may be referred to using a Matlab-like range notation, such
as 1:N which indicates all indices between 1 and N inclusive. Using this
notation, one may refer to a length T vector of random variable taking on
a vector of values as P (X1:T = x1:T ).

2. Overview of Graphical Models. This section brie
y reviews
graphical models and their associated algorithms | those well-versed in
this methodology may wish to skip directly to Section 3.

Broadly speaking, graphical models o�er two primary features to those
interested in working with statistical systems. First, a GM may be viewed
as an abstract, formal, and visual language that can depict important prop-
erties (conditional independence) of natural systems and signals when de-
scribed by multi-variate random processes. There are mathematically pre-
cise rules that describe what a given graph means, rules that associate with
a graph a family of probability distributions. Natural signals (those that
are not purely random) have signi�cant statistical structure, and this can
occur at multiple levels of granularity. Graphs can show anything from
causal relations between high-level concepts [122] down to the �ne-grained
dependencies existing within the neural code [5]. Second, along with GMs
come a set of algorithms for e�ciently performing probabilistic inference
and decision making. Typically intractable, the GM inference procedures
and their approximations exploit the inherent structure in a graph in a way
that can signi�cantly reduce computational and memory demands relative
to a naive implementation of probabilistic inference.

Simply put, graphical models describe conditional independence prop-
erties amongst collections of random variables. A given GM is identical to
a list of conditional independence statements, and a graph represents all
distributions for which all these independence statements are true. A ran-
dom variable X is conditionally independent of a di�erent random variable
Y given a third random variable Z under a given probability distribution
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p(�), if the following relation holds:

p(X = x; Y = yjZ = z) = p(X = xjZ = z)p(Y = yjZ = z)

for all x, y, and z. This is written X??Y jZ (notation �rst introduced
in [37]) and it is said that \X is independent of Y given Z under p(�)".
This has the following intuitive interpretation: if one has knowledge of Z,
then knowledge of Y does not change one’s knowledge of X and vice versa.
Conditional independence is di�erent from unconditional (or marginal) in-
dependence. Therefore, neither X??Y implies X??Y jZ nor vice versa.
Conditional independence is a powerful concept | using conditional inde-
pendence, a statistical model can undergo enormous changes and simpli�-
cations. Moreover, even though conditional independence might not hold
for certain signals, making such assumptions might yield vast improvements
because of computational, data-sparsity, or task-speci�c reasons (e.g., con-
sider the hidden Markov model with assumptions that obviously do not
hold for speech [10], but that nonetheless empirically appear benign, and
actually bene�cial as argued in Section 3.9). Formal properties of condi-
tional independence are described in [159, 103, 122, 37].

A GM [103, 34, 159, 122, 84] is a graph G = (V;E) where V is a set
of vertices (also called nodes or random variables) and the set of edges
E is a subset of the set V � V . The graph describes an entire family

of probability distributions over the variables V . A variable can either
be scalar- or vector-valued, where in the latter case the vector variable
implicitly corresponds to a sub-graphical model over the elements of the
vector. The edges E, depending on the graph semantics (see below), encode
a set of conditional independence properties over the random variables. The
properties speci�ed by the GM are true for all members of its associated
family.

Four items must be speci�ed when using a graph to describe a particu-
lar probability distribution: the GM semantics, structure, implementation,
and parameterization. The semantics and the structure of a GM are inher-
ent to the graph itself, while the implementation and parameterization are
implicit within the underlying model.

2.1. Semantics. There are many types of GMs, each one with di�er-
ing semantics. The set of conditional independence assumptions speci�ed
by a particular GM, and therefore the family of probability distributions it
represents, can be di�erent depending on the GM semantics. The seman-
tics speci�es a set of rules about what is or is not a valid graph and what
set of distributions correspond to a given graph. Various types of GMs
include directed models (or Bayesian networks) [122, 84],1 undirected net-
works (or Markov random �elds) [27], factor graphs [53, 101], chain graphs

1Note that the name \Bayesian network" does not imply Bayesian statistical infer-
ence. In fact, both Bayesian and non-Bayesian Bayesian networks may exist.
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[103, 133] which are combinations of directed and undirected GMs, causal
models [123], decomposable models (an important sub-family of models
[103]), dependency networks [76], and many others. In general, di�erent
graph semantics will correspond to di�erent families of distributions, but
overlap can exist (meaning a particular distribution might be describable
by two graphs with di�erent semantics).

A Bayesian network (BN) [122, 84, 75] is one type of directed GM
where the graph edges are directed and acyclic. In a BN, edges point from
parent to child nodes, and such graphs implicitly portray factorizations
that are simpli�cations of the chain rule of probability, namely:

p(X1:N ) =
Y

i

p(XijX1:i�1) =
Y

i

p(XijX�i
):

The �rst equality is the probabilistic chain rule, and the second equality
holds under a particular BN, where �i designates node i’s parents according
to the BN. A Dynamic Bayesian Network (DBN) [38, 66, 56] has exactly
the same semantics as a BN, but is structured to have a sequence of clusters
of connected vertices, where edges between clusters point in the direction
of increasing time. DBNs are particularly useful to describe time signals
such as speech, and as can be seen from Figure 2 many techniques for ASR
fall under this or the BN category.

Several equivalent schemata exist that formally de�ne a BN’s condi-
tional independence relationships [103, 122, 84]. The idea of d-separation
(or directed separation) is perhaps the most widely known: a set of variables
A is conditionally independent of a set B given a set C if A is d-separated
from B by C. D-separation holds if and only if all paths that connect any
node in A and any other node in B are blocked. A path is blocked if it
has a node v with either: 1) the arrows along the path do not converge
at v (i.e., serial or diverging at v) v 2 C; or 2) the arrows along the path
do converge at v, and neither v nor any descendant of v is in C. Note
that C can be the empty set in which case d-separation encodes standard
statistical independence.

From d-separation, one may compute a list of conditional indepen-
dence statements made by a graph. This set of probability distributions
for which this list of statements is true is precisely the set of distributions
represented by the graph. Graph properties equivalent to d-separation in-
clude the directed local Markov property [103] (a variable is conditionally
independent of its non-descendants given its parents), and the Bayes-ball
procedure [143] which is a simple algorithm that one can use to read condi-
tional independence statements from graphs, and which is arguably simpler
than d-separation. It is assumed henceforth that the reader is familiar with
either d-separation or some equivalent rule.

Conditional independence properties in undirected graphical models
(UGMs) are much simpler than for BNs, and are speci�ed using graph
separation. For example, assuming that XA, XB , and XC are disjoint



6 JEFFREY A. BILMES

sets of nodes in a UGM, XA??XB jXC is true when all paths from any
node in XA to any node in XB intersect some node in XC . In a UGM,
a distribution may be described as the factorization of potential functions
where each potential function operates only on collections of nodes that
form a clique in the graph. A clique is a set of nodes that are pairwise
connected [84].

BNs and DGMs are not the same. Despite the fact that BNs have
complicated semantics, they are useful for a variety of reasons. One is
that BNs can have a causal interpretation, where if node A is a parent
of B, A might be thought of as a cause of B. A second reason is that
the family of distributions associated with BNs is not the same as the
family associated with UGMs | there are some useful probability models
that are concisely representable with BNs but that are not representable
at all with UGMs (and vice versa). This issue will arise in Section 3.1
when discussing Gaussian densities. UGMs and BNs do have an overlap,
however, and the family of distributions corresponding to this intersection
is known as the decomposable models [103]. These models have important
properties relating to e�cient probabilistic inference (see below).

In general, a lack of an edge between two nodes does not imply that
the nodes are independent. The nodes might be able to in
uence each other
indirectly via an indirect path. Moreover, the existence of an edge between
two nodes does not imply that the two nodes are necessarily dependent
| the two nodes could still be independent for certain parameter values
or under certain conditions (see later sections). A GM guarantees only
that the lack of an edge implies some conditional independence property,
determined according to the graph’s semantics. It is therefore best, when
discussing a given GM, to refer only to its (conditional) independence rather
than its dependence properties | it is more accurate to say that there is
an edge between A and B than to say that A and B are dependent.

Originally BNs were designed to represent causation, but more re-
cently, models with semantics [123] more precisely representing causality
have been developed. Other directed graphical models have been designed
as well [76], and can be thought of as the general family of directed graph-
ical models (DGMs).

2.2. Structure. A graph’s structure, the set of nodes and edges, de-
termines the set of conditional independence properties for the graph un-
der a given semantics. Note that more than one GM might correspond
to exactly the same conditional independence properties even though their
structure is entirely di�erent (see the left two models in Figure 1). In this
case, multiple graphs will correspond to the same family of probability dis-
tributions. In such cases, the various GMs are said to be Markov equivalent
[153, 154, 77]. In general, it is not immediately obvious with complicated
graphs how to visually determine if Markov equivalence holds, but algo-
rithms are available that can determine the members of an equivalence class
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Figure 1. This �gure shows four BNs with di�erent arrow directions over the same
random variables, A, B, and C. On the left side, the variables form a three-variable
�rst-order Markov chain A ! B ! C. In the middle graph, the same conditional
independence statement is realized even though one of the arrow directions has been
reversed. Both these networks state that A??CjB. The right network corresponds to
the property A??C but not that A??CjB.

[153, 154, 114, 30].

Nodes in a graphical model can be either observed, or hidden. If a
variable is observed, it means that its value is known, or that data (or
\evidence") is available for that variable. If a variable is hidden, it currently
does not have a known value, and all that is available is the conditional
distribution of the hidden variables given the observed variables (if any).
Hidden nodes are also called confounding, latent, or unobserved variables.
Hidden Markov models are so named because they possess a Markov chain
that, in some cases, contains only hidden variables. Note that the graphs in
GMs do not show the zeros that exist in the stochastic transition matrices of
a Markov chain | GMs, rather, encode statistical independence properties
of a model (see also Section 3.7).

A node in a graph might sometimes be hidden and at other times
be observed. With an HMM, for example, the \hidden" chain might be
observed during training (because a phonetic or state-level alignment has
been provided) and hidden during recognition (because the hidden variable
values are not known for test speech data). When making the query \is
A??BjC?", it is implicitly assumed that C is observed. A and B are the
nodes being queried, and any other nodes in the network not listed in the
query are considered hidden. Also, when a collection of sampled data exists
(say as a training set), some of the data samples might have missing values
each of which would correspond to a hidden variable. The EM algorithm
[40], for example, can be used to train the parameters of hidden variables.

Hidden variables and their edges re
ect a belief about the underlying
generative process lying behind the phenomenon that is being statistically
represented. This is because the data for these hidden variables is either
unavailable, is too costly or impossible to obtain, or might not exist since
the hidden variables might only be hypothetical (e.g., speci�ed based on
human-acquired knowledge about the underlying domain). Hidden vari-
ables can be used to indicate the underlying causes behind an information
source. In speech, for example, hidden variables can be used to represent
the phonetic or articulatory gestures, or more ambitiously, the originating
semantic thought behind a speech waveform. One common way of using



8 JEFFREY A. BILMES

GMs in ASR, in fact, is to use hidden variables to represent some condition
known during training and unknown during recognition (see Section 5).

Certain GMs allow for what are called switching dependencies [65,
115, 16]. In this case, edges in a GM can change as a function of other
variables in the network. An important advantage of switching dependen-
cies is the reduction in the required number of parameters needed by the
model. A related construct allows GMs to have optimized local probability
implementations [55] using, for example, decision trees.

It is sometimes the case that certain observed variables are used only
as conditional variables. For example, consider the graph B ! A which
implies a factorization of the joint distribution P (A;B) = P (AjB)P (B). In
many cases, it is not necessary to represent the marginal distribution over
B. In such cases B is a \conditional-only" variable, meaning is always and
only to the right of the conditioning bar. In this case, the graph represents
P (AjB). This can be useful in a number of applications including classi-
�cation (or discriminative modeling), where we might only be interested
in posterior distributions over the class random variable, or in situations
where additional observations (say Z) exist that are marginally indepen-
dent of a class variable (say C) but that are dependent conditioned on other
observations (say X). This can be depicted by the graph C ! X  Z,
where it is assumed that the distribution over Z is not represented.

Often, the true (or the best) structure for a given task is unknown.
This can mean that either some of the edges or nodes (which can be hid-
den) or both can be unknown. This has motivated research on learning
the structure of the model from the data, with the general goal to produce
a structure that accurately re
ects the important statistical properties in
the data set. These can take a Bayesian [75, 77] or frequentist point of
view [25, 99, 75]. Structure learning is akin to both statistical model se-
lection [107, 26] and data mining [36]. Several good reviews of structure
learning are presented in [25, 99, 75]. Structure learning from a discrimina-
tive perspective, thereby producing what is called discriminative generative

models, was proposed in [10].

Figure 2 depicts a topological hierarchy of both the semantics and
structure of GMs, and shows where di�erent models �t in, including several
ASR components to be described in Section 3.

2.3. Implementation. When two nodes are connected by a depen-
dency edge, the local conditional probability representation of that depen-
dency may be called its implementation. An edge between variable X and
Y can represent a lack of independence in a number of ways depending
on if the variables are discrete or continuous. For example, one might use
discrete conditional probability tables (CPTs) [84], compressed tables [55],
decision trees [22], or even a deterministic function (in which case GMs
may represent data-
ow [1] graphs, or may represent channel coding algo-
rithms [53]). A node in a GM can also depict a constant input parameter




