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Abstract

In this paper, we consider the problem of produc-
ing balanced clusterings with respect to a submodu-
lar objective function. Submodular objective func-
tions occur frequently in many applications, and
hence this problem is broadly applicable. We show
that the results of Patkar and Narayah@hcan be
applied to cases when the submodular function is
derived from a bipartite object-feature graph, and
moreover, in this case we have an efficient flow
based algorithm for finding local improvements.
We show the effectiveness of this approach by ap-
plying it to the clustering of words in language
models.
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distances. Submodularity allows us to model these decom-
posable criteria, but also allows to model more complexerit
ria. However one problem with all of these criteria is thayth
can be quite sensitive to outliers. Therefore, algorithrhity
only optimize these criteria often produce imbalancedipart
tions in which some parts of the clustering are much smaller
than others. We often wish to impobalance constraints
which attempt to tradeoff optimizing;, with the balance con-
straints. In this paper we show that the results that Patkar
and Narayanaf8] derived for Graph Cuts are broadly appli-
cable to any submodular function, and can lead to efficient
implementations for a broad class of functions that aredase
of bipartite adjacency. We apply this for clustering wonds i
language models.

2 Preliminariesand Prior Work

Let V be a ground set. A functiohi : 2 — R, defined on
all subsets oV is said to be increasing If(4) < I'(B) for

The clustering of objects/data is a very important problemall A C B. Itis said to be submodular If(4) + I'(B) >
found in many machine learning applications, often in othed’ (AU B) + I'(A N B), symmetric if['(A) = T'(V \ A), and

guises such as unsupervised learning, vector quantizalion

normalized ifT'(¢) = 0. For any normalized increasing sub-

mensionality reduction, image segmentation, etc. The-clusmodular functiorl” : 2" — R, the functionl,. : 2V — Rt

tering problem can be formalized as follows. Given a finitedefined byl'.(X)

setS, and a criterion function, defined on all partitions of
into k parts, find a partition of' into k£ parts{.Sy, S2, ..., Sk}

so thatJy, ({S1, S2,...,Sk}) is maximized. The number of
k-clusters for a sizev > k data set is roughly™ /%! [1] so
exhaustive search is not an efficient solution.[9h it was
shown that a broad class of criteria &ebmodulaldefined
below), which allows the application of recently discowkre
polynomial time algorithms for submodular function mini-
mization to find the optimal clusters. Submodularity, a for-
malization of the notion of diminishing returns, is a powbrf
way of modeling quality of clusterings that is rich enough to
model many important criteria, including Graph Cuts, MDL,
Single Linkage, etc. Traditionally, clustering algorithimave

INX)+I(V\X)-I'(V) is a symmetric
submodular function. This function is called the connettiv
function ofT", and is normalized, symmetric and submodular.
We can think ofl'.(X) = T'.(V \ X) as the cost of “sepa-
rating” X from V' \ X. Becausd’. is submodular, there are
polynomial time algorithms for finding the non-trivial part
tion (X, V'\ X) that minimized.. Such normalized symmet-
ric submodular functions arise naturally in many applizasi.
One example is the widely usé&taph Cutcriterion.

Here, the seV to be partitioned is the set of vertices of a
graphG = (V, E). The edges have weights, : £ — RT
which is proportional to the degree similarity between the
ends of the edge. The graph cut criterion seeks to partition
the vertices into two parts so as to minimize the sum of the

relied on computing a distance function between pairs ofyveights of the edges broken by the partition.

objects, and hence are not directly capable of incorpagatin
complicated measures of global quality of clusterings wher
the quality is not just a decomposable function of individua

*Part of this work was done while this author was at the Univer-
sity of Washington and was supported in part by a Microsoft Re-

search Fellowship.

ForanyX C V, let
~v(X) = set of edges having at least one endpoinXin
0(X) = set of edges having exactly one endpoiniin

if X {1,2,5} (the red/dark-
in  Figure 1-left), theny(X)

For example,
shaded set
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which are either dashed/red or solid/black) a#d\) is



measures the weight of the common features. For the ex-
ample shown in Figure 1-right, if we tak& = {1,2,5}
(the red/dark-shaded set), thefX) = {a,b,d,e}, and
0(X) = {b,d, e}. We will refer to this as th8ipartite Adja-
cency Cutriterion.

Becausel'. is symmetric and submodular, we can use
Queyranne’s algorithni4] to find the optimal partition in
time O(|V|*). There are two problems with this approach.

First, since the algorithm scales [45]°, it becomes imprac-
tical when|V'| becomes very large. A second problem is that
the criterion is quite sensitive to outliers, and thereferads
to produce imbalanced partitions in which one of the parts is
] ) o substantially smaller than the others. For example, if weha
Figure 1: Left: TheUndirected Graph CuCriterion: I'.(X)  a graph in which one vertex is very weakly connected to the
is the sum of weights of edges betweErandV' \ X. Right:  rest of the graph, then the graph cut criterion might produce
The Bipartite AdjacencyCriterion: I'.(X ) is the number of 3 partitioning with just this vertex in a partition by itseFor
elements of” (features) adjacent to botki andV" \ X. many applications it is quite desirable to produce clusteas
are somewhat balanced. There is some inherent tension be-

the set of solid/black edge$(1,3),(2,3),(2,4),(5,4)}.  tween the desire for balanced clusters, and the desire ie min
It is easy to verify that for any (positive) weights that Mize the connectivity between the clust&rs.X): we would
we assign to the edgesy : E — R* , the function like to minimize the connectivity'.(X), while making sure
[(X) = we(y(X)) = Y .c.xywe(e) is a normalized that the clustering is balanced. There are two similar riaite

ecv(X) that capture this optimization goal

increasing submodular function, and hence the function

Fe(X) = wp(6(X)) = wp(v(X))+we(y(V\X))—we(E) - _ I'e (V1)
ratioCut (V1,V3) =
is a normalized symmetric submodular functione will wy (V1) - wy (Vz2)
refer to this as th&ndirected Graph Cutriterion. Cut (V1. Va) I. (V1)
i 1 i I i normCu , = ;
In this paper, we will be particularly interested in a slight 1, V2 min(wy (V1), wy (Va))

different function, which also falls into this frameworl/
will be the left part of a bipartite graph, arfd the right part The two criteria are clearly closely related. Unfortungtel
of the graph. We think ol as objects, and” a set of fea- minimizing either criterion is NP-comple{d 1], and so we
tures that the objects may posses. For exampleight be a  need to settle for solutions which cannot necessarily bensho
vocabulary of words, andl’ could be features of those words to be optimal. The normalized cut is also closely related to
(including possibly the context in which the words occur). spectral clustering metho@8], and so spectral clustering has
Other examples include diseases and their symptoms, specigeen used to approximate normalized cut. In this paper, we
and subsequences of nucleotides that occur in their genomggesent a local search approach to approximating nornealize
and people and their preferences. cut. The advantage of local search techniques is that they al
We construct a bipartite grapgh = (V, F, E) with an edge  low us to utilize partial solutions (such as a preexistingsel
between an objeat € V and a featurgf € F' if the objecto  tering of the objects) which is useful in dynamic situations
has the featurg. We assign positive weightsy : V. — R™  Further, since local search techniques produce a sequénce o
andwp : F — RT. The weightwp(f) measures the “im- solutions, each one better than the last, they serve asrayti
portance” of the featurg, while the weightwy (v) is used to  algorithms. That is, in time-constrained situations, wa ca
determine how balanced the clusterings are. In some applicaun them only for as much time as available. The local search
tions, such as ours, there is a natural way of assigning wighstrategy we employ will allow us to make very strong guar-
to V' and F' (probability of occurrence for example). In this antees about the final solution produced. Such a local search
case, forX C V, we can set technique was originally proposed by Patkar and Narayanan
TX) = {f € FrXndf) 70} o T (e P e aow 1t the sl 1 s papor sre
ion. [ , W W ults in hi
0(X) ={f e F: Xnne(f) #0,(V\X)Nne(f) # 0} equally applicable for any submodular criterion. It sholoéd
where n¢-) is the graph neighbor function. In other words, noted that the applicability of these general techniquesto
if X bi-partitionsV into sets of two typesX andV \ X) submodular function does not necessarily make it practical
of objects, theny(X) is the set of features with neighbors One of the contributions df8] was to show that it could be
of “type X", and §(X) is the set of features with neigh- done efficiently for the Graph Cut criterion via a reduction
bors of both types of object. We IB{(X) = wr(y(X)) = toa flqw problem. In this problem, we show that_ the ijar-
Zf@(x) wr(f), which can be shown to be a normalized in- tite Adjacency criteria can qlso be solved in a similar effiti
creasing submodular function for any positive weight func-fashion by reducing to a (different) flow problem.
tionwp : V — Rt, andl'.(X) = T(X) +T(V\ X) -T(V) o N
W : , N 3 Local Search and the Principal Partition
we use the same notation for the functiop : £ — R™ de-

fined on edges and the functian; : 2 — RT, the modular exten-  In a local search strategy, we generate a sequence of swutio
sion defined on all subsets each solution obtained from the previous one by a (sometimes



small) perturbation. For the case of clustering or pariitig,  Proposition 1 (Narayanan 2003, Proposition et (17, V3)
this amounts to starting with a (bi)partitidd = V; U V5, is a bipartition ofVV (soV = V; UV,, andV; NV, = ¢), and
and changing this partition by picking one of a set of moveslet ¢ £ U C V; be a proper subset df; satisfying

This set of moves that we will consider is going from the bi-

partition{V;, V} to the bipartition{U;, U, }, where the new (G Vh) = e (V1) - (Vi\U)

partition is obtained by moving some elements from one par- st ¥ wy (U)

tition to the other. For example, we could go frdi¥i , 12} to _ _

{Vi\ X,VoU X}, whereX C V;. This amounts to moving ThenratioCut (Vi \ U, Vo U U) < ratioCut (V1, V2)

the elements inX from V; to V5. The key to a local search

strategy is have a good way of generating the next move (drroof. By assumption,

to pick aX C Vi so that movingX to the other side will

improve the objective function). In this section, we shoatth WG, Vh) = max Le(Vi) —Te(Vi\ X)
whenT'. is a submodular function, then thrincipal Par- ’ P#XCV wy (X)
tition of the submodular function (to be defined below) can T. (Vi) —T. (Vi \U)

be used to compute theest local movén polynomial time. =
Moreover, for the specific application we discuss in this pa-
per, we can actually compute this fast even for very larga dat
sets.

For any bipartitiont” = V; U V5, andX C V7, let

wy (U)
In particular, forX = V; we have

Le(V) T\ V1) _Te(Vi) =T (Vi \U)
GGain (X) =T, (V1) =T (V1 \ X) wy (V1) - wy (V)

_ GGain (X)

- wy(X)

w(G, V) = o max averageGain (X)

averageGain (X) Sincel'.(V1 \ V1) = 0, we have

(V1) =T (Vi\U)

_ , , _ (V1) —wyv (Vi \U)
So, for Figure 1-left, if we assign a weight of 1 to all edges _
and all vertices, (swp = 1 andwy = 1), and letV; be the  Observe that ify < =7, thenab — ad < ab — bc and so
set of blue/light nodes arld, be the set of red/shaded nodes. ¢ > <. Therefore, we get
Then

Fc(vl) < 1-‘c
wy (Vi) — wy

GGain ({6}) = T (Vi) — T (Vi \ {6}) =4 — 6 = —2 Lel) , WA D) &
ain({6}) =T'c (V1) —Tc (Vi \{6}) =4—-6=— wy (V1) — wy (V1 \U)
In Figure 1-right (the bipartite graph), we get Dividing both sides byuy (V2), we get
GGain ({6}) =T (V1) =T (Vi \{6}) =3-3=0 . (V1)
. . " ratioCut (V, V5) = ———~—
GGain (X) measures the amount of change in the partition wy (Vi)wy (V2)
costT'. (V1) (ignoring the balance constraints). Now, we are L. (Vi \U)
really interested in the changeriormCut (V4, V3), which in- = ov (Vi \D)wy (Va)
corporates the balance constraintG, V) can be seen to be Vil viva
related to the ratio/normalized cut, and so we use solutmns [ by Equation 1
u(G, V1) to find the set of moves for the local search algo- I, (Vi\U)
rithm. In this section, we present some results which relate oy (Vi\ U)wy (Va UD)
changes imormCut (¥, V3) to the principal partition of the vini viv2
submodular functior., and for this,;(G, V;) will play a [ becausevy (Vo UU) > wy (V2)]
central role. The principal partition of a submodular fuoit = ratioCut (V1 \ U, Vo U U)
', consists of solutions tminxcy, [I'c (X) — A - wy (X)]
for all possible values of > 0. It can be shown[7; O
8] that the solutions for every possible value\afan be com-  we have a similar (but not strict) result for normalized cuts
puted in polynomial time (in much the same way as the entire ) _
regularization path of a SVM can be compufed]). We will Corollary 2. Under the same assumptions of the previous
give specifics of the computation procedure in Section 4. [Proposition, we have
this section, we will present results which will relate thee s
lutions of minxcy, [I'c (X) — A - wy (X)] with solutions to normCut (Vi \ U, V2 UU) < normCut (V1, V)
(G, V1) = maxgzxcv, averageGain (X). Proof. Sincewy (V1) > wy (V1 \U), and from Equation 1, it

The following proposition was proven by [Narayanan follows thatI'. (V) > I'. (V1 \ U). We consider two cases.
2003] for the Graph Cut criterion, but generalizes immedi-First, assume thaty (V;) < wy (V2). In this case, from the
ately for an arbitrary increasing submodular functign In normCut definition and Equation 1,
particular, this is applicable to the problem we are inteeres
in which the submodular function is derived from the bigaerti r. (V)
graph. wy (V1)

r.(\i\U)

normCut (V4,V2) = wy (Vi \U)

>



Hence Proof. Suppose that = (G, V1), Thenthereisa # W C

T, (Vl) T, (Vl) V1 so that
> becausdV;| < | V5
wy (V2) = wy (V) pecausaial = [l A= ul(6,3) > PN
r.(Vi\U) - wy (X
wy (Vo) [becaus&. (Vi \ U) <. ()] with equality holding forX = W. It follows that
I — .
C(‘/l\U) [becausevV(VgUU) >’LUV(Vv2>] Fc(Vl) 1_‘c (‘/I\X) S)\ UJV(X)
wy (Vo UU) =X wy (Vi) =X wy(Vh\ X)
Hence . .
T (h) becausevy is always positive. Hence
c 1
normCut (V1, V2) = wy (V1) L. (Vi) = Aoy (Vi) <Te (Vi \ X) = X -wy (V7 \ X)
S r.(Vvi\u) T'.(Vi\U) Because the left hand side is a constant, it follows that
- ’wv(Vl\U)’wv(VQUU)

= normCut (V3 \ U, Vo U U) Pe (Vi) = dwy (V1) < )?1531 [Fe (Vi\ X) = Adwy (Vi \ X)]

For the remaining case, assume that(V;) > wy(12).

Again using Equation 1, we have Note that equality holds foX = W. In particular, forZ =
L) | Lo(Vi\U) | Le(Vi\U) Vi\ W, we get .
w ()~ we(Va)  wy(VUD) [Te (Vi) = A+ wy (V)] = gmin [ (X) = A+ wy ()
It follows that =[[e(Z) =X - wy(2)]
normCut (V4, V3) = max <FC (V1) 7 e (V1) ) Therefore, by takingz = V; \ W, the forward direction fol-
wy (V1) wy (Vz) lows. For the reverse direction, suppose that for sameo,
> o <pc (Vi\U) T.(Vi\U) ) we have
- ’wv(Vl\U)’wv(VQUU) min [FC(X)—/\wV(X)]:[FC(Vl)—/\wV(Vl)]

XCcv,
Then by takingV = V7 \ X, we get
. . . e VIAW) = dwy (Vi \ W)] = [[c (V1) = A~ wy (V1))
The two previous results show that if we can find a non-
trivial solution tomax,.. x v, averageGain (X), thenwe can 1 nerefore,
find a local move that willimprove the normalized cutandthe )\ . wy (V) — A - wy (Vi \ W) = X - wy (W)
ratio cut. Ideally, we want to show that if it is possible to-im > T, (Vi) =T, (Vi \ W)
prove the normalized cut (or the ratio cut), we can in fact find = telvl eirl
a local move that will improve the current solution. Unfertu pecausé? + 0 andwy > 0, we have
nately we do not have such a result, but we have one that is
slightly weaker which serves as a partial converse. \> r.(V1) =T, (Vi \ W)

Proposition 3. Suppose thaty # U C V; satisfiesa? - - wy (W)
normCut (V1,V5) > normCut (V1 \ U, Vo, UU) wherea =

= normCut (V1 \ U, V2 U D)

wy(Va)  ThenLeVi\U) — Te(Vi) =
wv (200) e () Therefore, if we can compute solutions to
Proof. See Appendix. O  minxcy, [ (X) —A-wy(X)], then we can find a lo-

cal move that will let us improve the normalized cut. In the

Now, the previous result shows the existence of a set whicjext section, we show how we can compute these solutions
can be moved to the other side which will let us improve theggficiently for our application.

current value of the normalized cut. However, an existence
result is not enough. We need to be able to compute this sef Computing the Principal Partition
The following theorem gives a connection between this set . ) o

and thePrincipal Partition of the Bipartite Adjacency func- Proposition 1 tells us if we have a partitigiv;, V2), then
tion. Since we can compute the principal partition, we carif we can find a setp # U C V; satisfyingu(G, Vi) =

explicitly compute a local move which will improve the nor- W then we can improve the current partition
malized cut. by movingU from V; to the other part of the partition. Propo-
Proposition 4 (Narayanan, 2003, Proposition.6)\ = sition 4 tells us that we can find such a subset by findilsg
w(G, V1) iff there is a proper subsef C V; such that that

min [[e (X) =X wy (X)] = [Le (Vi) = A wy ()] in [Fe (X) = A wy (X)] = [Fe (Vi) = A wy (V)]

=[Te(2) = A-wv(2)] = [ (U) = A wy(U)]



While th_is can be.don.e in pqunomial time for any submodu-n-grams of words: Pr(wy.;) = Hle Pr(w;|wy;—1) =
lar function[7; 8], in this section, we show that it can be done H;:ll Pr(w;|wis1) - Hf:n Pr(w;|wi—ni1.4-1) The prob-

especially efficiently in our case by reducing it to a paramet lem is that the number ofi-grams grows asi|", where
ric flow problem. For parametric flow problems, we can use !

the results off2], to solve the flow problem for all values W is the set of words in the vocabulary. As this grows

of the parameter in the same time required to solve a sin lexponentially withn, we cannot obtain high-confidence
p . q Y'&tatistical estimates using naive methods, so alterrmtive
flow problem. Now, for a fixed parameter, we can com-

utemi (X)) — ) X1 by solving a max flow &€ needed in order to learn reliable estimates with only
P bImmXQVlh[ e (X) . #Vh(. )] by g gf I Add ofinite size training corpora. Brown et al3] suggested
problem on the network which Is created as follows. aclustering words, and then constructing predictive models
based only on word classes: dfw) is the class of wordy,

then we approximate the probability of the word sequence
W1:k by Pr(wlzkz) ~ H?;11 Pr(wi|c(wi*1)ﬂ ceey c(wl)) :
15, Pr(wile(w; 1), ..., c(wini1)). In this case,

K3

the number of probabiliies needing to be estimated

grows only as |C|""' - |W]. Factored language
models [10] generalize this further, where we use
Pr(wi|w;—1,c(wi—1), ..., Wi—pnt1,c(Wi—pny1)) — nNOte

that conditioning on botly; _; ande(w;_1) is not redundant,

as backoff-based smoothing methods are such that if, say, an
instance ofw;,w;_; was not encountered in training data,
an instance ofw;,c(w;—1) might have been encountered

Figure 2: A flow network to compute the Principal Partition Via Some other wordy" # w;_, such thatw;, w' was

of the Bipartite Adjacency Cut encountered, and with(w’) = c(w;—;). Often, we can
construct such models in a data-dependent way.
source nodes, and connecs to all the nodes in € V with The quality of these models depends crucially on the qual-

edge capacity\ - wy (v). Add a sink nodel’, and connect ity of the clustering. In this section, we construct a bigert
all the nodes inf € F' to T, with capacityw(f) as shown adjacency graph, and use the algorithm described above for
in Figure 2. The remaining edges (from the original graph)generating the clusters. While the algorithm describedis th
have infinite capacity. By the max-flow/min-cut theorem, ev-Paper only generates a partition with two clusters, we can ap
ery flow corresponds to a cut, and so we just examine the cufdly it recursively (in the form of a binary tree) to the gener-
in the network. Itis clear that the min cut must be finite (sinc ated clusters to generate more clusters (stopping only when
there is at least one finite cut), and hence the only edges thit€ humber of elements in a cluster goes below a prescribed
are part of the cut are the newly added edges (which are adalue, or if the height of the tree exceeds a pre-specified
jacent to eitherS or 7). Hence if a vertex € V is on one limit). The bipartite graph we use is constructed as follows
side of the cut, all its neighbors must be as well. Therefore} andF are copies of the words in the language model. We
every cut value is of the formw, (V \ X) + wp(y(X)) =  connectanode € V to anodef € I if the word f follows
A-wy (V) = X wy (X) 4+ wp(X). Minimizing this function the wordv in some sentence. Ideally, we want to put words
is equivalent to minimizingug (7(X)) — A-wy (X). We can ~ Which have the same set of neighbors into one cluster. The
compute this for every value ofby using the parametric flow Model as described ignores the number of occurrences of a
algorithm of[2]. In [2], it is also shown that there are distinct Pigram pair. However, we can easily account for numbers by
solutions corresponding to at mdsf| values of), and fur- ~ replicating each word € F to form fy, fa, ..., fi, where
ther, the complexity of finding the solutions for all valuds o @ Wordv € V' is connected tofy, f, ..., f. if the bigram
) is the same as the complexity of finding the solution for av/ occursr times in the text. It is very simple to modify
single value of\ (namely that of a flow computation in this the network-flow algorithm to solve networks of this type in
network). This algorithm returns the values)oorrespond- the same complexity as the original network. The goal is to
ing to the distinct solutions along with the solutions. ®inc Partition the words into clusters so that words from differe
there are at mog¥/| distinct solutions, each one of them can clusters share as few neighbors as possible (and words from
be examined to find the one which results in the maximunthe same cluster share as many neighbors as possible). Ob-
improvement of the current partition (i.e., the local mavatt ~ Serve that this criterion does not require us to compute “dis
improves the normalized cut value by the most). Since théances” between words as is done in the clustering method
complexity of the flow computation i©(|V|” | E|), the final proposgd by Brot;/vn e(; al3. Thﬁ gdvr?ntgge of our sch”eme
search through all the distinct solutions does not add to th@Ver & distance las_e ar[]a_proac Is that it more naturally cap-
complexity, and hence the total time required for computing ur_(l?sttra?f:_lve re at:jons PS. o 2 eluster th 497
; ; 2 o test this procedure, we generated a clustering wi
a local improvement i) (|V'[" | ). clusters on Wall Street Journal (WSJ) data from the Penn
L Treebank 2 tagged (88-89) WSJ collection. Word and (hu-
5 Word Clusteringin Language Models man generated) part-of-speech (POS) tag information was
Statistical language models are used in many applicationgxtracted from the treebank. The sentence order was ran-
including speech recognition and machine translationdomized to produce 5-fold cross validation results using
and are often based on estimating the probabilities of4/5)/(1/5) training/testing sizes. We compared our sub-



[ | Manually Generated Bipartite Adjacency| Brown et al. [3]) |

Bigram (Minimum) 276.229 263.616 279.867
Bigram (Average) 277.135 264.579 281.169
Bigram (Maximum) 278.837 266.335 283.710
Trigram (Minimum) 237.735 231.300 233.111
Trigram (Average) 239.189 233.239 234.887
Trigram (Maximum) 240.765 235.088 236.765

Table 1: Comparing the perplexity of Bigram and Trigram Misder various clustering schemes. The first column (Maryuall
Generated) uses manually labeled part-of-speech tagss asdd as an idealized baseline only.

modular clustering with both the manual POS clusters, andppendix

also the clustering procedure described in Brown efdll.  proof of Proposition 3.First, consider the case when
as shown in Table 1. We note that this particular blpartltewv(vl) < wy(Vh). Sincea < 1, it follows that
model is designed specifically for bigram= 2 models, and  ,5:mCut (14, V5) < normCut (V; \ U, Vo UU). Because
not surprisingly, we get a significantimprovementin pexple o (v, \ ) < wy (Vi) < wy(Va) < wy (Ve U U),
ity for such models. We find a non-significant improvement. foll h C - T (Vi)
in the trigram case, but the non-significance is expected a& follows that normCut (Vi \ U,V UU) = J5mngy,
it shows the importance of a correct model — it would beand normCut (V;,V3) = L=V Thus, the re-

. . . w Vi)
straight-forward, however, when clustering_, touse adif- g1t nholds in this case. Ng(tl)consider the case that

ferent bipartite graph, wherE contains not onlyw; but also % V). but Vi\U Vo UU
wy_», to clustenv,_; as a predictor forw, relative to the con- gt‘e/c(a&)seTwéU(‘{/g)Q)J’r JvEUUY)( t \wv)(V:)) wv>( i W)e
text in which it will be used in the trigram. In this fashion, a 56 (wy (V1) + wy(U) — wy(Va)) > 0 a1nd S0
separate clustering could also be doneor,. This shows v )Z) (‘{/) o (“// 00w (“; \U) < w (,V LU
the generality of our technique. VAYLEVAY2 vAr2 yini vir2 '

2 _ wy (Va) wy (Va)
Therefore, o = [wv(VzuU):| < vy Now, by
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