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Abstract

We show that the class of strongly
connected graphical models with tree-
width at most k can be properly e -

ciertly PAC-learnt with respect to the
Kullback-Leibler Divergence. Previous
approades to this problem, sudc as
those of Chow ([1]), and Ho gen ([7])
have showvn that this class is PAC-
learnable by reducing it to a conbi-
natorial optimization problem. How-
ever, for k > 1, this problem is NP-
complete ([15]), and so unless P=NP,
these approaces will take exponertial
amourts of time. Our approad dif-
fers signi cantly from these, in that it
rst attempts to nd approximate condi-
tional independenciesby solving (poly-
nomially many) submaodular optimiza-
tion problems, and then using a dy-
namic programming formulation to com-
bine the approximate conditional inde-
pendenceinformation to derive a graph-
ical model with underlying graph of the
tree-width speci ed. This givesus an ef-
cient (polynomial time in the number
of random variables) PAC-learning al-
gorithm which requiresonly polynomial
number of samplesof the true distribu-
tion, and only polynomial running time.

1 Intro duction and Previous work

Let (P;G) be a graphical model, where G is a
graph, and P is a probability distribution over
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random variables corresponding to the vertices of
G. If only the probabilty distribution P is speci-
ed, then in general,there is no unique graph G
over which P factorizes. In fact, all probability
distributions factorize over the complete graph.
The goal therefore, is to nd a graph G with as
few edgesas possibleover which the given distri-
bution factorizes. As this problem is NP-complete
([11]), we look at the following variant of this
problem. Given a classof graphs G, where it is
known that the distribution P factorizes over at
least one graph G 2 G, nd a graph in G over
which P factorizes. The complexity of this prob-
lem depends on the class G, and much resear®
has beendirected at nding classesG which can
be learnt in polynomial time. There is a plethora
of negative results ([8, 11, 14, 16]) showing that
learning various classeof graphs, including paths
and polytrees, is NP-complete. So far the only
positive result in this area (to the best of our
knowledge) are the results of ([1, 7]) in which it
is shown that the class of trees can be properly
e cien tly learnt. While trees are an important
classof distributions, they canonly represen very
sparse dependencies. There is much interest in
learning other model families in which richer de-
pendencestructures are possible.

Prior attempts at learning the model family rely
on reducing the problem to a combinatorial op-
timization problem. When the combinatorial op-
timization problem is easy (such as nding min-
imum/maxim um spanning tree), then the learn-
ing problem becomeseasy The reverse reduc-
tion (reducing an arbitrary instance of a NP-
complete problem to a learning problem) is used
to demonstrate hardnessof learning problem. We



usea di erent approad, and show the learnabil-
ity of a subclassof bounded tree-width networks
by rst discovering the conditional independen-
ciesin the model by solving a polynomial num-
ber of submodular optimization problems. Each
oneof theseproblemscanbe solved in polynomial
time using an algorithm developed by Queyranne
([10]). We then use a dynamic programming al-
gorithm to patch these dependenciestogether to
create a graph of the tree-width speci ed. While
we restrict ourselvesto shawing the learnability of
(partial) k-trees, this approac could conceiably
be used for other subclassesof graphical models
aswell.

2 Preliminaries and Notation

A graph G = (V;E) is said to be chordal if ev-
ery cycle of length at least 4 has a chord. A
tree-decomposition([6]) of agraph G = (V;E) isa
pair (T = (I;F);fVig,»,), whereT is a tree, and
V(G) = [ 21 Vi such that if uv is an edgein E(G),
then thereis ai 2 | sud that u;v 2 V,, and if
i;j;k 2 | aresudh that j is onthe path fromi to k
in T, thenVi\ Vi V. The tree-width of this tree-
decomposition is max;2; jVij 1. A partial k-tree
is a chordal graph which hasa tree-decomposition
with width k. For any edgee= fi;jg2 F, welet
Ve = Vj = Vi\ V. Note that V, is a separator
in G for every e 2 F, and in fact, these are the
unique minimal separatorsof G.

Let P be a probability distribution over ran-
dom variables fX,g,,,,. For any AV, we
let Pa be the (marginalized) probability distri-
bution of the random vector (Xga)a2a. We sa&
that the probability distribution factorizes ac-
cording to the chordal graph G = (V;E) if for
every minimal separator S V which sepa-
rates the graph into componerts A and B, the
marginal distributions Pa; s and Pg| s factorize
with respect to G[A[ S] and G[B [ S] respec-
tively. Let us denote by Hp(A) the binary en-
tropy H (f Xyg,,,) With respect to the probabil-
ity distribution P, and by Ip(A;BjS) the mu-
tual information I (f Xy9,5 ;T Xv0y25 1T Xv025)
with respect to P. If P factorizes over G, and
S is a minimal separator of G such that G[V n

then 1p(V(Ci); V(C;)jS) = Oforalli 6 j. S'is
called an -strong separator if we cannot parti-
tion the verticesin C; into C; = Cj1[ Cj, satisfy-
ing 1p(Ci1; Ci2jS) . We sg that the graphi-
cal model (P;G) is -strongly connectedif every
minimal separator S of the chordal graph G is an
-strong separator. We say that (P; G) is strongly
connectedif there is some > 0 such that every
minimal separatoris an -strong separator.

A class of distributions T is properly e ciently
learnable (with respect to the KL-div ergencecri-
teria) if there exists a probabilistic algorithm
which for every P 2 T, and for every ; > 0,
nds aP 2 T such that D(PkP) < with proba-
bility at least1  in time polynomial in n; ¢ and
1. The algorithm may samplefrom the (true) dis-
tribution P, but at most a polynomial number of
times. We will assumethe existenceof an algo-
rithm that can estimate the entropies of an arbi-
trary subsetof the random variables with preci-
sion andcondencel usingf (n; ; ) samples,
wheref (n; ; ) is polynomial in n, 1 and 1. The
exact algorithm might depend on the nature of
the distribution (i.e., depending on whether the
random variables are discrete, corntin uous, Gaus-
sian etc.). An application of Hoe ding's inequal-
ity showsthat this is possiblefor discretedistribu-
tions (alternativ ely see[7]). It is also possibleto
do this for contin uous/mixed distributions by dis-
cretizing, though much more e cien t algorithms
exist for distributions sud as Gaussians. It is
clearthat if eadh query can be computed in poly-
nomial time, with at most polynomial number of
samples,then any algorithm which issuesat most
a polynomial number of such queries, and runs
in polynomial time other than these queriesis in
fact a polynomial time algorithm.

3 Submodularit y and Partitions

A set function f : 2V | R* is called sub-
modular if for any A; B Vv, f(A) + f(B)

f(A[ B)+ f(A\ B). f is said to be symmet-
ric if f(A) = f(V nA). Submaodular functions
may be thought of asthe discrete analog of con-
vex functions, and have seweral similar proper-
ties. For example, there are polynomial time al-
gorithms to minimize submodular functions (see



[3]). Our interest in submodular functions stems
from the fact that the mutual information func-
tion is a submodular function.

Lemma 1. Let P be any prokability distribution,
andS V bea xedset. ThenHp(jS):2V! R
is a submalular function.

Proof. 0 Ip(A;BjS) = Hp(AjS) + Hp(BjS)
Hp(A[ BjS) Hp(A\ BjS). O

Prop osition 2. Let P be an arbitrary distri-
bution on the random variables fX,g,,, . Let
F:2V 1 R* begivenby F(A) = Ip(A;V nA).
Then F is symmetric and submalular.

Proof. We can write F(A) = Hp(A) + Hp(V n
A) Hp (V). Therefore, F(A) + F(B) =
[He(A) + Hp(B)] + [He(V nA) + Hp(V nB)]

2Hp (V). By the submodularity of Hp(),
Hp(A) + Hp(B) Hp(A\ B) + Hp(A [ B).
Similarly, Hp(V nA) + Hp(V nB) Hp(V n
(A[ B))+ Hp(V n(A\ B)). The result now fol-
lows by noting that F(A\ B) = Hp(A\ B) +
Hp(V n(A\ B)) Hp(V) and F(A[ B) =
Hp(A[ B)+ Hp(Vn(A[ B)) Hp (V). Therefore
F () is submodular and symmetric. O

Wewill beinvestigating conditional independence
relationships betweenrandom variables. If a setof
random variables f X a0,, o is conditionally inde-
pendert of the set of random variables f X pg,, 5 »

given the set f Xsg,, 5 accordingto the probabil-

ity distribution P, then Ip(A;BjS) = 0. Note
that in this de nition, we have not required that

A and B be disjoint (or A\ B = ). However
sincelp(A[ S;B[ SjS) = Ip(A;BjS) it will be
conveniert for our application to let A\ B = S.

Let V5 = V nS. The following corollary is imme-
diate.

Corollary 3. For any prokability distribution P,
the function Fp.s : 2s | R*, givenbyFp.s(A) =
Ip(A; V5 nAjS), is symmetric and submalular.

One reason for the importance of submodular
functions is the existence of e cien t algorithms
to minimize submodular set functions (see [2]).
If f : 2V I R* is both symmetric and sub-
modular, then there exist combinatorial algo-
rithms to compute this minimum. For exam-
ple, Queyranne's Algorithm, described in [10],

will return a proper subset A V sud that
A 2 argming,ovpry: of (B). Let us denote this
algorithm by QA. QAtakesasinput af -value ora-
cle,andrunsin time O( Vg 3), usingat most Vg 3
oracle calls. In particular, sinceFps : 2s1 RY
is symmetric and submodular, we can (quickly)
nd a set A sud that Fp.g(A) is minimized. If
S V, then we say that S is a -separator of
V if there is a partition A [ B of Vg sud that
Ip(A;BjS) . In this case,we call fA; Bg an
-partition for (Vg; S; P). Clearly, we canuseQA,
and a Fp.s-value oracle, to determine if there are
any -partitions for (Vg; S; P).

When we are trying to estimate or learn a
probability distribution P by sampling, we do
not have a Fp.s-value oracle. However, sam-
pling will let us estimate Fp.s. So, suppose

that we had a E.s-value oracle, which satis es
Bh.s(A)  Fps(A)

problem is that Kb.s(A) neednot be submodular,
and henceQA neednot return the minimum value
of B.s(A). However, we do have the following re-
sult.

Lemma 4. Supmse that Fps 2Vs |

R* is a symmetric submalular function, and
s Vs 1 R* is another function
that is not necessarily submalular, but satis es
Bbs(A)  Fps(A) 1 for every A Vs.
Then QA will return a non-empty proper subset
A Vg suchthat for every non-empty proper sub-

setA Vg, Bbs(A) Bbis(A) Vs 1 jVj 1

The proof of this lemma can be found in the ap-
pendix. So, A is an approximate minimizer for
Bb.s(). In fact it is also an approximate mini-
mizer for Fp.s().

Corollary 5. Supmsethat A minimizes Fp.s( ),
and A is the setreturned by QA. Then Fp.s(A)

1 for every A V5. One

Fps(A)  (Vi+ 2) 1.
Proof.
0 Fps(A) Fps(A)
(Fb:s(A)+ 1) (Bps(A) 1)
=21+ Bps(A) Bbs(A)
21+jVj 1
= (Vj+2) 1 O



Therefore, if we run QA using the Fq.s-value or-
acle, we will get a set A that is (jVj+ 2) 1-close
to optimal for Fp.s. In particular, for all proper
subsets B V§, Fp;s(B) Fp;s(K) (jVj +
2) 1. A sucient condition for this to hold is
Fps(A) Eb.s(A) 1 for every query issued

by the run of QA. If ead oracle query Bb.s(A)
can be computed in polynomial time, and us-
ing only polynomially many samples, with pre-
cision ; and condence at least 1 1, then
B.s(A)  Fps(A) 1 for all the A's queried
by the run of QA with con dence at least 1
Vs * 1 by the union bound® We summarize this
discussionin the proposition below

Prop osition 6. Supmse that .5 repre-
sents an approximation to Fp.s which satis es

Bbs(A)  Fps(A) 1 with con dence at least
1 4 for any (particular) A Vg. Then running
QA with a Bb.s-value oracle resultsin a solution
A Vg whichis within (jVj+2) 1 closeto optimal
(for Fp;s) with condenceat least1 Vg 3 1. In
particular, if Bb.s(A) (jVj+2) 1+ 2, thenthere
is no p-partition for (Vg;S;P) (with con dence
atleastl Vg )

The function Fp;s(A) = Ip(A; V5 nA|S), repre-
sernts the mutual information between the ran-
dom variables indexed by A and the remaining
random variables once S is given. We will call
I»(JjS) or Bb.s the sample or the approximate
mutual information, corresponding to sampledis-
tribution P. Supposethat A[ B = Vg. If
I-(A;BjS) , we will say that fA;Bg is an
-partition for (Vg; S; P). Now, a graphical model
represerting P can be thought of as represerting
conditional independencies,and correspondingly,
our goalis to learn theseconditional independen-
cies. If A?BjS, then I1p(A;BjS) = 0. This of
course meansthat fA; Bg is an O-partition for
(Vs; S;P). Henceit isa j-partition for (Vg; S; P)
with high con dence. We should note however,
that the cornverseis not necessarilytrue. If fA; Bg
isa p-partition for (Vg; S;P), then it neednot be
a O-partition for (Vg; S; P). However, it isa (2 1)-

1If each A; occurs with condence 1 pi, then A; does
not occur with probability p;. Therefore, the probapility

that at least one of the Aj doesnot occur is at mostp pi.
Henceall the A; occur with probability at least 1 pi .

Figure 1: S= fc;eg; s=ff g;fg;fa;b;dg;fhgg

partition for (Vg; S;P) with high con dence, and
sofor su cien tly small 1, A and B are \almost"
independen given S. In fact, aswe will show in a
later section, we can always nd almost indepen-
dent partitions so that the total KL divergence
betweenthe resulting distribution, and the origi-
nal distribution remainssmall.

If G is a graphical model represetting the proba-
bility distribution P, and A? BjS, then G[V nS]
is a disconnectedgraph, and A and B are the
union of componerts of G[V nS]. For example,
in the graph in Figure 1, if S = fc;eg, then the
removal of S disconnectsthe graph into the parts
fa;b;dg and fg;f;hg. Note that fg;f;hg is not
connectedin the residual graph, but is the union
of fg;f gandfhg. It helpsto considerthe compo-
nents themsehes, rather than the union of com-
ponerts, and so, we extend our notion of almost
conditional independenceto partitions of Vg of
the form = fA1;A2;:::;Ang, Wwherem 2.

is a partition of V5 and so Vs is the disjoint union
[ 21 Aj. Wecall an -partition for (Vg;S;P) if
Ip (Ai;AjjS) foralll i6j] m.

Lemma 7. If is a »-partition for (Vg S;P),
andA Vg, then =fA\ A:A;2 gisa »-
partition for (A; S;P). Further, if A2 ,and is
a s-partition for (A; S;P), then = ( nfAg)[
is a max( 2; 3z)-partition for (Vg; S;P).

Proof. The rst remark follows becausel p (Aj \
A;A;\ AjS)  Ip(AiAjjS). If A2 |, then it
can be cheked that  is a partition for Vg. Let
= max( 2; 3). If C;D 2 , we consider3 cases.
First, if C;D 2 , then I,(C;DjS) 2
If C;D 2 , then I,(C;DjS) 3 If nei-
ther of these casesoccur, we may assume (by
symmetry) that C 2 and D 2 Then
I-(C;DjS) I -(C;AjS) 2 . Therefore
isan -partition for (Vg;S; P). O



Lemma 7 suggestsa possiblestrategy for nding
the almost independert componerts, for a given
xed separatorS. Start with the trivial partition

= Vg of Vg, and iterativ ely attempt to parti-
tion the partitions, till the information lossis too
large. This is shavn in Algorithm 1. For any

9 Ve ;i O

S S g

while 9X; 2 g such that fA;;Big is an -
partition of (X;i;S;P) do

o LnfXig [ fA;;Bigi i+ 1;
end _
s() s
Algorithm  1: Algorithm to compute -partition

s( ) (for any given and S)

S V and maximum allowable information loss
> 0, the algorithm showvn computesa partition
s( ) of V5. We say that a partition  is are ne-

ment of if ead element of can be written as

the union of elemerts of . Therefore, in Algo-

rithm 1, the partition 5 renes § forallj .

We then have the following result.

Lemma 8. The partition () produced by the

alove algorithm satis es the following properties
with condence at least 1 O(jVj°) 1 :

1. If fA;Bg is any »-partition of (Vg;S;P),
fA;Bgisrenedby s( 2+ (jVj+ 2) 1).

2.1 C;D2 s(2+ (jVj+2) 1), andC 6 D,
then1p(C;DjS) 2+ (jVj+ 3) 1.

3. If fC;Dg is any partition (of Vg) that is
rened by s( 2+ 23), then|lp(C;DjS)
ViZ(2+ (Vi+ 3) 1) Vi(2+31).

Proof. We note that the loop in the algorithm
shown above iterates at most Vg times. During
ead iteration QA is called at most Vg times,
and hencethere are at most Vg ® queries of the

form Bp.s(A) made by the algorithm shown. So,
Bs(A)  Feis(A) 1 for all queries Bb.s(A)

by QA, with condence at least1 (jVj°) 1 by
the union bound. In particular, if fA;Bgis an
2-partition of (Vg; S; P), then with con dence at

leastl jVj° 1,it hasto bea( 2+ (jVj+ 2) 1)-
partition of (Vg;S;P) by Lemma 7. There-
fore, if s( 2+ (jVj+ 2) 1) is not a re nement
of fA; Bg, then the algorithm should not have
stopped where it did, a cortradiction. The sec-
ond assertionfollows by induction and Lemma 7.
The nal assertion now follows by noting that if
p: are disjoint, then Ip([ 2 Y ;[ 2 Y |S)

2 2 1P(Y ;Y S) ViZ(2 + (Vi +
3) 1). O

Let P(1; 2) be the set of partitions
f s(2+(Vj+2)1):S V;jSj kg. There
are at most 1%/ 2 O(jVj*) setsof size at most
k. Then, we have the following result

Corollary 9. We can geneate the set of par-
titions P( 1; ») in time O jVj® | making at

most O jVj*® oracle calls. The set P( 1; »)

satis es the following with con dence at least
i\ ik+5
1 }Vj 1 -

1. If fA; Bgisany »-partition of (V;S;P), then
s( 2+ (jVj*+2) 1) 2P( 1; 2) renesfA;Bg.

2. If fA; Bgis any partition that s( 2+ (jVj+
2) 1) 2 P(1; 2) renes, then fA;Bg is an
jVi®( 2+ 3 1)-partition.

4 Partitions and Tree-Decomp ositions

If G = (V;E) is a chordal graph of tree-
width k, then G has a tree-decomyosition (T =
(I5F);fVig;,,) of width k. Conversely given a
tree-decompsition (T = (I;F);fVig;,,) of width
k, we get a chordal graph G = (V;E) of tree-
width k. For any edgeV;V, 2 F, let V; = Vi\ V,.
Then it follows from a result in [5] that the min-
imal separatorsof G are precisely the sets of the
form Vj . SinceT is a tree, the removal of any
edgeV;V; breaksthe graph up into two trees. We
will let Vi* and Vi# be the vertices of G corre-

sponding to the two trees except for Vi . If P
factorizesover G, then V{#;V,/ is a O-partition
for (VW; Vi ;P). In fact, we have ([9])

Q
i2i P fXv0,0y,

P fXv0,,y = )
vivi2r P EXuGyoy,



If P satis es the above condition, we say that
P factorizes over the tree-decompsition (T =
(I;F);fVig,,). So, nding a chordal graph G
of width k sud that P() factorizes over G is
equivalent to nding a tree-decompsition over
which P() factorizes. Now, we can ask a re-
lated question: Given a tree-decompsition (T =
(I;F);fVig,,), nd a probability distribution
P( ) which factorizesover this tree-decompsition
such that D (PkP) is minimized. When P () fac-
torizes over T, then P() is the unique optimal
solution. More generally, we have the following
result.

Lemma 10. Let P be a prokability distribution,
and (T = (I;F);fVig;,,) a tree-decomposition.
Then the unique minimizer of D (PkP;) subject to
the constraint that P, factorizes over T is given
by

Q
i2i P TXv0,,y,

ViV, 2F vOv2y;

Further,
X A
D(PkPy) = Ie (Vj ,V iVij)
ViV 2F
Proof. See[l17]. O
For any set S V with |Sj k, let s 2

s(2+ (Vi+ 2)1) 2 P(1; 2) be the parti-
tion correspnding to S. We say that the tree-
decomposition (T = (I;F);f¥ig;,,) isgompatible
with P( 1; ) if v, renes \/,JA,\/”B . We then
have the following result.

Lemma 11. Supmsethat (T = (I;F);fVigy,,)
is a tree-decomposition that is compatible with

P( 1; 2). Let Py be the optimal distribution as
in Lemma10. Then D(PkP1) jVj*( 2+ 3 1).

Proof Let \/iV,-0 be any edgein T. Then , re-

nes VA \VAs

i Vi and so by Lemma 9, we have

(VA VEV) VIS (2+ 3 + 1). Therefore, by
Lemma10,D(PkP) (jlj 1) jVi3( 2+ 3 1)

Vit( 2+ 3 1) O
Pick > O sothat P is -strongly connected.

Given arbitrary ; > 0,let ; = and 1 =

JV5|

MO Then JVi*( o+ 31) < min(; )

In particular, if (T = (I1;F);fVig,,) is any tree-
decoppositionyfor P, then for every separator

Vi, VfVY isrened by ;. Hence the
tree-decompsition is compatible with P( 1; 2).
Therefore, if there is a tree-decompsition over
which P factorizes, then it is compatible with
P( 1; 2). Lemma 11 guarantees that if we re-
strict our seard to tree-decompositions that are
compatible with P( 1; 2), we are guaranteed to
nd a tree-decomposition for which the optimal
probability distribution P; satis es D(PkP1)
jVj4( 2+ 3 1) < , sinceit is known that there is
at least one tree-decompsition compatible with
P( 1; 2). The obvious approach to nding sud
compatible tree-decompsitions using dynamic
programming by examining partitions in order of
increasing size. Let S be the set of all pairs of
the form (S;A) where A 2 s 2 P(1; 2) and
iSj k. Then A is a elemen of the partition in-
ducedby (the separator) S, and we will de ne the
sizeof (S;A) to bej(S;A)j = jS[ Aj. A dynamic
programming algorithm which works by examin-
ing parititons in order of increasingsizeis shovn
as Algorithm 2. This is a simple variant of the
algorithm described in [4].

S f(SA):jS] kA2 s2P(1; 20
M f(S;A)2S :jS[ A k+ 1g;
for (S;A) 2 S in order of increasingjS[ Aj do
for v2 A[ Sdo LSO
: : vg .
R (L,B)ZM.B[L ALS
if [ (L;B)2R (B [ L) = A[ S then
M M [ f(SA)g
end
end
if 9(S; s)s.t. (S;A)2 M 8A 2 s then
‘ Exit(\T ree-decompsition exists");
else
‘ Exit(\No Tree-decompmsition exits");

end
end

Algorithm  2: Finding a Tree-Decompsition
compatible with P( 1; 2).

Theorem 12. For any ; > 0, pick 1; 2 as
alove. Then computing P( 1; »2) using Algo-




rithm 1, and then running Algorithm 2 will pro-
duce a tree decomposition, and hene a graphical
model (G; P1) suchthat D (PkPq) with con -
dene at least aslong asP factorizes over some
graph of treewidth at most k.

5 Conclusions

We have shown that by identifying approximate
conditional independenciesin a graphical model,
we can identify the potential separatorsin the
underlying graph. This yields a polynomial
time algorithm to properly e cien tly PAC-learn
strongly connectedgraphical models of bounded
tree-width.  Interesting avenues for future re-
seard include investigating if this technique can
be used for robust learning of larger classesof
graphical models.
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A Proof of Lemma 4

An ordered pair (t; u) called a pendernt pair for
(V;f) if forevery U V with u2 U andt 62U,
we havef [u] f[U]. Algorithm 3is a subroutine



usedin Queyranne'salgorithm. When f is sym-
metric and submadular, the subroutine returns a
pendart pair (t; u). We considerthe casewhen f
is approximately symmetric and submodular. By

this we mean that there is an > 0 sud that
f(A) + f(B) f(A[ B)+ f(A\ B) , and
if(A) f(VnA)j for elery A;B V. We

then have the following result, which is equiva-
lent to Theorem 2 in [10], which is proven using
a variant of their argumert.

V1 arbitrary x; Wy
fori=1:n 1do
8u 2 VnW,; do keyu]

fvig

FIWi[ u] flul;

Visr - argmingynw; keyu]
Wi+1 Wi [ Vis
end

return (Vn 1;Vn)

Algorithm 3:
(t;v) = (Vn 1;Vn).

Compute a pendert pair

Lemma 13. Supmsethatf : 2V | R is approx-
imately symmetric and submalular. Then for ev-
eryl i n 1, foreachu62V;andS W; g,
wehavef [W;]+f[u] f[WnS]+f[X[u]+(i 1)

Proof. We shaw this by induction. For i = 1,
W; 1= ,andsoweonly needched that f [W;]+
flu] f[W;]+f [u], which is clearly true. Suppose
that the result holdsfor all 1 i < k. Consider
any S Wy ;. Letj bethe smallestinteger such
that S W 1. Ifj =Kk, thenv 12 S and
W, 1nS Wy ». Therefore,

FIWnS]+ f[S[ u]
Bt (Wi 1nS)[ w]+ fIS[ u
(B)f Wk D)+f(w) f(S)+f(S[u (k 2
Ve Wi W) kD)

(D)f W)+ f (k 1)

Where (A) follows becauseWy nS = (W 1 n
S) [ vk, (B) follows from the inductive hypoth-
esisusing (vk;Wk 1 nS) andi = k 1 since
vk 62W, 1 and W 1 nS Wi 2. (C) fol-
lows from approximate submadulartit y by taking

A=W(iandB = S[ u. Then A[ B =
Wy 1[ uand A\ B = S. To see(D), note
that at step k, vk 2 V nWy 1 is selected so
that vi = argmingaynw, , (F[Wk o[ u] f[u]).
Therefore, for u 62Wy, we have f [Wy 1 [ u]

flul FMWk o[ wl flwl=f[Wi] flwl
If j < k,thenv; 12 Sandnoneofv;:::;v are
in S. We have

f[Wi nS]+ f[S+ U]
= f[(Wj 1nS)[ (WknW; 1)]+ f[S[ u]

(F)
FIW; 1nS)[ (Wi nW; 4)]

+f[Wj] f[anS]+f[u] (j 2)
(G)
Y iwd+ G D

Sincej < k, we may use the inductive hypoth-
esiswith (u;S) andi = j to get (F). Then we
use approximate submodularity by letting A =
(W; 1nS)[ (WenW,; 1) and B = W;. Then
A[ B = Wgand A\ B = W; nS. to get (G).
Therefore, the claim holds by induction. O

Theorem 14. Suppse that f is approximately
symmetric and submalular. Then the pendent
pair (t; u) returned Algorithm 3 satis es f [u]

H n
mingy v .uoutewgf U]+ 5.

Proof.

(H)
flva]l + F[Wn 4]
@

2f [vn]
"fWa 1nS]*F[S[ v]* (0 2)
RS val+ (0 D)

where (H) follows from approximate submodular-

ity, (I) followsfrom Lemma13with i = n 1and
u = Vvs. (J) now follows by using approximate
submodularity one again. O

Now, if f is symmetric and submodular, and f~
satises f(A) f{A) < =4, then f~is an ap-
proximately symmetric submodular function. An
argumert similar to proof of Theorem 3 in [10]
now shavsthat Queyranne'salgorithm will return
a solution that is n closeto optimal. Therefore,
Lemma 4 follows.



