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Abstract

Adaptation of statistical classi�ers is criti-
cal when a target (or testing) distribution
is di�eren t from the distribution that gov-
erns training data. In such cases,a classi�er
optimized for the training distribution needs
to be adapted for optimal use in the target
distribution. This paper presents a Bayesian
\div ergenceprior" for genericclassi�er adap-
tation. Instantiations of this prior lead to
simple yet principled adaptation strategies
for a variety of classi�ers, which yield su-
perior performance in practice. In addition,
this paper derives several adaptation error
bounds by applying the divergenceprior in
the PAC-Bayesiansetting.

1 In tro duction

Many statistical learning techniques assume that
training and test samplesare generatedfrom the same
underlying distribution. Often, however, an \un-
adapted classi�er" is trained on samplesdrawn from a
training distribution that is closeto but not the same
as the target (or testing) distribution. Moreover, in
many applications, while there may be essentially an
unlimited amount of labeled \training data," only a
small amount of labeled\adaptation data" drawn from
the target distribution is available. The problem of
adaptation, then, is to utilize the unadapted classi�er
and the limited adaptation data to obtain a newclassi-
�er optimized for the target distribution. For example,
in speech and handwriting recognition, an unadapted
classi�er may be trained on a databaseconsisting of
samplesfrom an enormousnumber of users. The tar-
get distribution would correspond only to a speci�c
user, from whom it would be unrealistic to obtain a
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large amount of labeled data. A system, however,
should be able to quickly adapt to that user using as
small an amount of adaptation data as possible. Note
that in our setting, the training data is no longer avail-
able at adaptation time | the only information pre-
served from training is the unadapted classi�er; this
happens often in real-world scenarios,where an end
user can hardly a�ord to store and manipulate a large
amount of training data directly.

The adaptation problem studied in this paper can
be consideredas a special setting of multi-task learn-
ing [1, 2, 3, 4] in that learning the unadapted and the
adapted model can be viewed as two related tasks. In
our paradigm, however, we are only concernedwith
the performance of the target task rather than the
\a verage" performance over all tasks. In fact, there
has beena large amount of practical work on adapta-
tion developedunder similar assumptions. Adaptation
of generative models, such as Gaussianmixture mod-
els (GMM), has been vastly investigated in the area
of speech recognition [5, 6]. Regarding discriminativ e
classi�ers, di�eren t adaptation strategies have been
proposed for support vector machines (SVMs) [7, 8],
multi-la yer perceptrons (MLPs) [1, 2, 9], and condi-
tional maximum entropy (MaxEnt) models[10]. While
thesealgorithms havedemonstratedempirically the ef-
fectivenessof adaptation in various tasks, it is interest-
ing to ask whether there is a principled approach that
uni�es these di�eren t treatments. Moreover, a more
fundamental question would be whether we can relate
the adaptation sample complexity to the divergence
betweentraining and target distributions.

This work makes an initial attempt to answer these
questions. We utilize the concept of \accuracy-
regularization", where we use a Bayesian \div ergence
prior" (on the function space) as the regularizer. In
this regard,our method is strongly related to hierarchi-
cal Bayesian inference,e.g. [11]. The key di�erence is
that our proposedprior is essentially a posterior deter-
mined by a training distribution rather than by a train-



ing set. This formulation uni�es adaptation strategies
for a variety of classi�ers, and relates the adaptation
error bounds to the divergencebetween training and
target distributions in the PAC-Bayesiansetting.

2 Inductiv e learning vs. adaptation

Throughout this paper, all densities are taken w.r.t.
the Lebesguemeasurein their respective spaces. We
assumethat (x; y) 2 X � Y is a pair of random vari-
ables where X is a feature space and Y = f� 1g is
a set of class labels (binary in our case). Taking the
Bayesian perspective, we further assumethat a deci-
sion function (or a classi�er) f 2 F : X ! Y is a
random variable and that it has a \standard prior"
distribution � (f ) (which has to be chosenbefore see-
ing any training or test data, often based on do-
main knowledge). A fundamental problem in inductiv e
learning is to �nd such an f that minimizes the true
risk Rp(x ;y ) (f ) �= Ep(x ;y ) [Q(f (x); y)] under certain loss
function Q(�) (e.g. 0-1 loss, log loss,or hinge loss).

A key assumption in inductiv e learning is that train-
ing and test samplesare generatedfrom the sameun-
derlying distribution. This paper is interested in the
case where the target sample distribution, denoted
by pad (x; y), varies from that of training, denoted by
ptr (x; y). We formulate the adaptation problem as
follows: given a training distribution ptr (x; y) and a
function spaceF with a �nite VC dimension [12], we
assumethe availabilit y of an \unadapted classi�er"
(learned from a su�cien tly large amount of training
data), which is an approximately correct estimate of

f tr 2 argmin
f 2F

Rptr (x ;y ) (f ); (1)

In this paper, we let f tr denote the unadapted model
for simplicit y. Secondly, we assumethat m adaptation
samplesare drawn, in an i.i.d. fashion, from a target
distribution,

Dad
m = f (x i ; yi )j(x i ; yi ) � pad (x; y)gm

i =1 ; (2)

which we call \adaptation data". The goal of adap-
tation is to produce an adapted classi�er f̂ that is
as close as possible to our desired decision function
f ad 2 argminf 2F Rpad (x ;y ) (f ), by combining the two
sourcesof information f tr and Dad

m .

There are two extreme strategiesfor learning f̂ . First,
we can train a classi�er that minimizes the empirical
risk Remp(f ) �= 1

m

P m
i =1 Q(f (x i ); yi ), (x i ; yi ) 2 Dad

m ,
but this might causeover�tting when m is small. At
the other extreme, we can simply let f̂ = f tr , but this
might yield a high empirical risk on Dad

m , especially
when pad (x; y) signi�can tly di�ers from ptr (x; y). This

work seeksa strategy between these two extremes in
which one would hope to achieve better performance.

3 A Bayesian div ergence prior

As mentioned in the intro duction, we proposeto use
an \accuracy-regularization" objective for adaptation,
where we minimize the empirical risk on the adap-
tation data while maximizing a Bayesian \div ergence
prior" pdiv (f ) (which will be de�ned shortly). This di-
vergenceprior should be distinguished from the stan-
dard prior � (f ) in that the latter is chosenbefore train-
ing the unadaptedmodel, whereasthe former is chosen
after the unadapted model is obtained. Speci�cally ,
our adaptation objective is as follows,

min
f

Remp(f ) � � ln pdiv (f ) (3)

where � is a regularization coe�cien t, and the diver-
genceprior pdiv (f ) is de�ned as

ln pdiv (f ) = Eptr (x ;y ) [ln p(f jx ; y)] + 
 (4)

In this de�nition, ptr (x; y) again is the training dis-
tribution, p(f jx ; y) is the posterior probabilit y of a
classi�er given a sample (which will be discussedin
detail in the following subsections), and 
 is a nor-
malization constant such that pdiv (f ) sums to unit y.
This prior essentially can be viewed asan approximate
posterior probabilit y of a classi�er given a training dis-
tribution. The reasonwechoosesuch a prior is that, as
will be seenshortly, pdiv (f ) incorporates information
from both the standard prior � (f ) and the unadapted
model f tr , and that it assignshigher probabilities to
classi�ers \closer to" f tr . More importantly , this prior
analytically relates pdiv (f ad ) (the prior probabilit y of
the desired classi�er), and hencethe generalizationer-
ror bound at f ad , to the divergencebetween training
and target distributions.

Our adaptation objective in Equation (3), therefore,
becomesa tradeo� between�tting the adaptation data
and staying \close" to the unadapted classi�er. Next,
wediscussits instantiations for generativeand discrim-
inativ e classi�ers respectively.

3.1 Generativ e classi�ers

We �rst study classi�ers using generative models,
which have long been used in speech, text, vision
and bioinformatics applications. In such a case, the
function spaceF consistsof generative models f that
describe the sample distribution p(x; yjf ) (here we
slightly abusenotation by letting f denotea generative
model instead of a decision function). The classi�ca-
tion decisionis madevia argmaxy2Y ln p(x; yjf ). If we
useQ(�) = � ln p(x; yjf ), the unadapted model f tr in



Equation (1) is the true model generating the train-
ing distribution, i.e., p(x; yjf tr ) = ptr (x; y). Similarly,
we have p(x; yjf ad ) = pad (x; y). Note that by doing
this, we implicitly assumethat our function spaceF
contains the true generative models in both cases.

Furthermore, applying Bayesrule, the posterior prob-
abilit y in Equation (4) can be expressedas

p(f jx ; y) =
p(x; yjf )� (f )

p(x; y)
=

p(x; yjf )� (f )R
p(x; yjf )� (f ) df

(5)

where � (f ) is again the standard prior chosenbefore
seeingthe training data. Plugging Equation (5) into
(4) leadsto the following theorem,

Theorem 3.1 For generative classi�ers, the diver-
gence prior de�ned in Equation (4) satis�es

ln pdiv(f ) = � D (p(x; yjf tr )jjp(x; yjf )) + ln � (f ) + �
(6)

where � > 0 is a normalization constant.

Pro of

ln pdiv (f ) = Ep(x ;y j f tr ) [ln p(f jx ; y)] + 


= Ep(x ;y j f tr ) ln[
p(x; yjf )� (f )

p(x; yjf tr )
�

p(x; yjf tr )
p(x; y)

] + 


= � D (p(x; yjf tr )jjp(x; yjf )) + ln � (f )
+ D(p(x; yjf tr )jjp(x; y)) + 


Letting � �= D(p(x; yjf tr )jjp(x; y)) + 
 , we have

1 =
Z

pdiv (f ) df

=
Z

expf� D (p(x; yjf tr )jjp(x; yjf )) + ln � (f ) + � gdf

<
Z

expf ln � (f ) + � gdf = exp�

The inequality followssinceD(p(x; yjf tr )jjp(x; yjf )) �
0 with equality achieved only at f = f tr . Therefore
we have � > 0.

This result explains why we usethe term \div ergence
prior"; the prior is essentially determined by the KL-
divergencebetweenthe sampledistribution generated
by the unadapted model and that generatedfrom the
model of interest, and it favors those models \simi-
lar to" the unadapted model. In particular, we in-
spect the prior probabilit y of our desired model, i.e.,
ln pdiv (f ad ) = � D (ptr jjpad )+ ln � (f ad )+ � , from which
we can draw someintuitiv e insights about why using
the divergencewould help. As implied in the above
equation, if D (ptr jjpad ) < � , we have pdiv (f ad ) >
� (f ad ), and thus we are more likely to learn the de-
sired model using the divergenceprior than using only
the standard prior. Since� > 0, there must exist dis-
tributions pad for which the above statement is true.

Consequently , our adaptation objective for generative
classi�ers becomes

min
f

Remp(f )+ �D (p(x; yjf tr )jjp(x; yjf )) � �� (f ) (7)

When � (f ) is uniform1, this objectiveasksto minimize
the empirical risk aswell asthe KL-div ergencebetween
the joint distributions.

The divergence prior, and hence the corresponding
adaptation objective, can be easily derived if a joint
distribution p(x; yjf ) has a close-formKL-div ergence.
An important example is a class-conditional d-
dimensional Gaussiandistribution, i.e., p(x jy; f tr ) =
N (x; � tr

y ; � tr
y ) and p(xjy; f ) = N (x; � y ; � y ). We also

de�ne the classprior probabilities p(yjf tr ) = ! tr
y and

p(yjf ) = ! y . Thus f is represented by (! y ; � y ; � y ). In
this case,

D(p(x; yjf tr )jjp(x; yjf )) =
X

y

1
2

! tr
y

�
tr(� tr

y � � 1
y ) + (� y � � tr

y )T � � 1
y (� y � � tr

y )

+ ln
�

j� y j
j� tr

y j

�
�

d
2

�
+

X

y

! tr
y ln

! tr
y

! y

(8)
If � (f ) is uniform, we seethat the prior of the class-
conditional parameter (� y ; � y ) becomes a normal-
Wishart distribution. This prior has long been
used in MAP estimation of Gaussian models due to
its tractable mathematical properties as a conjugate
prior. Here we have derived it from the perspective of
KL-div ergence. In fact, we can show that the KL-
divergence, and hence the divergenceprior, can be
conveniently calculated if the class-conditional distri-
bution p(xjy; f ) belongsto the exponential family.

In practice, mixture models are more useful for their
abilit y to approximate arbitrary distributions. Math-
ematically, p(x jy; f ) =

P
k cy ;k p(xjy; k; f ), where cy ;k ,

k = 1::K , are component responsibilities for class y.
There is no close-form solution to the KL-div ergence
of mixture models. However, we can derive an upper
bound on the KL-div ergence,and hencea lower bound
on the divergenceprior, using log sum inequality.

D (p(x; yjf tr )jjp(x; yjf )) �X

y

! tr
y

X

k

ctr
y ;k D(p(xjy; k; f tr )jjp(x jy; m(k); f ))

+
X

y

! tr
y

X

k

ctr
y ;k ln

ctr
y ;k

cy ;m (k)
+

X

y

! tr
y ln

! tr
y

! y

(9)
where (m(1); : : : ; m(K )) is any permutation of
(1; : : : ; K ). Sincethe above inequality holds for an ar-
bitrary alignment of the mixture components, we can

1Although improp er on unbounded support, a uniform
prior doesnot causeproblems in a Bayesiananalysis aslong
as the posterior corresponding to this prior is integrable.



always choosethe alignment, basedon the similarit y
betweenthe mixture components, that yields the min-
imum KL-div ergencein order to tighten the bound.

3.2 Discriminativ e Classi�ers

Generative approaches are suboptimal from a classi-
�cation point of view, as they ask to solve a more
di�cult density estimation problem. Discriminativ e
approaches,which directly model the conditional rela-
tionship of classlabel given input features, often give
better classi�cation performance. One class of dis-
criminativ e classi�ers, including MLPs, SVMs, CRFs
and conditional MaxEnt models, can be viewed as
hyperplane classi�ers in a transformed feature space:
f (x) = sgn

�
w T � (x) + b

�
, where f is represented

by (w; b) and � (�) is a nonlinear transformation. In
MLPs, for example,� (x) is represented by hidden neu-
rons, and in SVMs � (x) is implicitly determined by a
reproducing kernel. Here we use x to represent fea-
tures for consistency, but x can be readily replacedby
� (x) for nonlinear cases.Moreover, a logistic function

p(yjx; f ) =
1

1 + e� y (w T x + b)
(10)

is often usedto model conditional distributions in such
classi�ers (while a softmax function is often used for
the multi-class case). Note that although kernel ma-
chinessuch asSVMs in generaldo not explicitly model
p(yjx; f ), there have beenmethods to �t SVM outputs
to a probabilit y function using a sigmoid function [13].
Here we assumethat p(yjx; f ) exists in all casesin the
form of Equation (10).

The function spaceF , therefore,consistsof conditional
models f , and the classi�cation decision is made via
argmaxy2Y ln p(yjx; f ). Analogous to our discussion
on generativeclassi�ers, if weuseQ(�) = � ln p(yjx; f ),
the unadapted model obtained in Equation (1) is the
true model that describesthe conditional distribution
in training, i.e., p(yjx; f tr ) = ptr (yjx); and similarly
p(yjx; f ad ) = pad (yjx). Furthermore, the posterior
probabilit y can be expressedas

p(f jx ; y) =
p(yjx; f )p(f ; x)

p(x; y)
=

p(yjx; f )� (f )R
p(yjx; f )� (f ) df

(11)
where f and x are assumedto be independent vari-
ables. This factorization leads to a result analogous
to Theorem 3.1: assumingthat ptr (x; y) is known, the
divergenceprior for discriminativ e classi�ers becomes

ln pdiv (f ) = � D (p(yjx; f tr )jjp(yjx; f )) + ln � (f ) + �
(12)

where � > 0.

The training distribution ptr (x; y), however, is some-
times unknown to discriminativ e models (the only in-

formation preserved from training is f tr which re
ects
only the conditional distribution in this case),thereby
making D(p(yjx; f tr )jjp(yjx; f )) uncomputable. The
major goal of this subsection is to derive an upper
bound on D(p(yjx; f tr )jjp(yjx; f )), and hencea lower
bound on the divergenceprior, that does not require
the knowledge of ptr (x; y). Then we use this bound
instead of ln pdiv (f ) in the adaptation objective.

Plugging Equation (10) into Equation (12), we arrive
at the following theorem.

Theorem 3.2 For hyperplane classi�ers w T x + b, the
divergence prior in Equation (12) satis�es

ln pdiv(f ) � � � kw � w tr k� jb� btr j + ln � (f )+ � (13)

where � = Eptr (x ) [kxk].

Pro of Using the fact that j ln
1 + a
1 + b

j < j ln a � ln bj,

D (p(yjx; f tr )jjp(yjx; f ))

= �
R

ptr (x; y) ln
1 + e� y (w T x + b)

1 + e� y (w tr T x + btr )
dx dy

�
R

ptr (x; y)jy(w � w tr )T x + y(b� btr )j dx dy
� kw � w tr k

R
ptr (x)kxk dx + jb� btr j

= � kw � w tr k + jb� btr j
(14)

Hence, the accuracy-regularization objective becomes

min
f

Remp(f ) +
� 1

2
kw � w tr k +

� 2

2
jb� btr j � ln � (f )

(15)
where� 1 and � 2 are regularization coe�cien ts.2 Next,
we apply this objective to MLP and SVM adaptation.
We focus on thesetwo classi�ers becausewe have not
noticed similar adaptation work in the literature (while
a similar approach to conditional MaxEnt model adap-
tation can be found in [10]).

MLP adaptation

Equation (15) can be applied to the adaptation of the
hidden-to-out layer of a binary MLP, where we the
log loss in optimization and we let � 1= � 2= � . We can
extend this to a multi-class, two-layer MLP where we
regularizethe input-to-hidden weight matrix Wi 2h (in-
cluding the o�sets) and the hidden-to-output matrix
Wh2o with separatetradeo� coe�cien ts � and � , and
we regularizeusing the squared`2-norm. Note that we
apply such a regularizer to the input-to-hidden (i.e.,

2The choiceof using oneor two such coe�cien ts is oneof
experimental design. We choosetwo here to derive results
later in the paper as will be seen.



�rst) layer only becausewe have found it to be practi-
cally advantageous(it works well, and it is mathemat-
ically easy) | the regularizer on Wi 2h is not derived
from our divergence.

min
W h 2o ;W i 2h

Remp(Wh2o; Wi 2h )

+
�

�
2

kWh2o � W tr
h2ok2 +

�
2

kWi 2h � W tr
i 2h k2

� (16)

wherekAk2 = tr (AA T ). In fact, Equation (16) is akin
to training an MLP with weight decay if zerosare used
as the unadapted weights.

SVM adaptation

Secondly, we apply Equation (15) to SVM adapta-
tion, which utilizes the hinge loss Q(f (x t ); yt ) = j1 �
yt (w T � (x t ) + b)j+ in optimization, and we let � 2 = 0.
Applying constrainedoptimization and using the \k er-
nel tric k", we obtain the optimal decisionfunction:

f (x) = sgn
� mX

i =1

� i yi k(x i ; x) +
X

j

� tr
j ytr

j k(x tr
j ; x)

�
;

(17)
where (x tr

j ; ytr
j ) are support vectors from the un-

adapted model with coe�cien ts � tr
j , which are �xed

during adaptation. Optimal � i are solved in the dual
spaceusing the adaptation data only, where the num-
ber of new support vectors is controlled by � 1 in (15).
Alternativ ely, since the support vectors from the un-
adapted model are available at adaptation time, we
can update both � i and � tr

j in (17) by performing op-
timization on both the old support vectors and the
adaptation data with the constraint

P
j � tr

j ytr
j = 0.

These two algorithms will be referred to as \regular-
ized I" and \regularized I I" in our experiments in Sec-
tion 5. Before we evaluate thesealgorithms, we derive
generalizationerror boundsfor adaptation in the PAC-
Bayesianframework.

4 PA C-Ba yes Error Bound Analysis

A fundamental problem in machine learning is to study
the generalization performanceof a classi�er in terms
of an error bound or, equivalently , a samplecomplexity
bound. A PAC-Bayesian approach [14] incorporates
domain knowledgein the form of a Bayesianprior and
provides a guarantee on generalization error regard-
less of the truth of the prior. In this work, we are
particularly interested in how well an adapted classi-
�er generalizesto unseendata drawn from the target
distribution. We derive the error bounds by using our
proposedprior in the PAC-Bayesian setting. Speci�-
cally, for a countable function space,weapply Occam's
Razor bound (Lemma 1 in [14]) which boundsthe true

error of a single classi�er; while for a continuous func-
tion space,we apply McAllester's PAC-Bayes bound
(Theorem 1 in [14]) which bounds the true stochastic
error of a Gibbs classi�er.

It is important to note that, although we may apply
di�eren t loss functions Q(�), usually surrogates (and
mostly upper bounds) of the 0-1 loss [15], in actually
training a classi�er, we use the 0-1 loss in evaluating
error bounds in all casesbelow. In other words, we
have R(f ) = Epad (x ;y ) [I (f (x) 6= y)], and Remp(f ) =
1
m

P m
i =1 I (f (x i ) 6= yi ), (x i ; yi ) 2 Dad

m in the following
text.

4.1 An Occam's Razor adaptation bound

The Occam's Razor bound (Lemma 1 in [14]) states
that for a countable function space,for any prior dis-
tribution � (f ) and for any f for which � (f ) > 0, the
following bound holdswith probabilit y of at least1� � ,

R(f ) � Remp(f ) +

r
� ln � (f ) � ln �

2m
; (18)

For adaptation, we replace the standard prior � (f )
in Equation (18) by our proposed divergence prior
pdiv (f ) for a countable function spaceof generative
models. Basedon Theorem 3.1 and the Occam's Ra-
zor bound, the following bound holds true with prob-
abilit y of at least 1 � � ,

R(f ) � Remp(f )

+

r
D(p(x; yjf tr )jjp(x; yjf )) � ln � (f ) � � � ln �

2m
(19)

This result has important implications: for the set of
classi�ers G = f f 2 F : D((p(x; yjf tr )jjp(x; yjf )) <
� g, their error bounds in Equation (19) which use
the divergenceprior are tighter than those in Equa-
tion (18) which usethe standard prior. Since� > 0, G
is always nonempty. For classi�ers in the complemen-
tary set �G, however, we reach the opposite argument.
An important question to ask is: in which set doesour
estimated classi�er belongs?We areparticularly inter-
ested in f ad , i.e., the optimal classi�er w.r.t. the tar-
get distribution. If D (ptr jjpad ) < � , we have f ad 2 G
and we achieve better generalization performance at
f ad by using the divergenceprior. Recall that � nor-
malizes p� (f ) to unit y. This constant can be ana-
lytically calculated for certain models (e.g. Gaussian
models), while approximations are neededfor general
cases. Additionally , we can derive a similar bound
for discriminativ e classi�ers, where the divergencein
Equation (19) is betweenconditional distributions in-
stead of joint distributions.



4.2 Adaptation bounds for Gibbs classi�ers

McAllester's PAC-Bayesian bound for Gibbs classi-
�ers is applicable to both countable and uncount-
able function spaces. A Gibbs classi�er is a stochas-
tic classi�er drawn from a posterior distribution
q(f ). Consequently the true and empirical risks also
become stochastic in the form of Ef � q[R(f )] and
Ef � q[Remp(f )]. McAllester's PAC-Bayesian bound
[14] statesthat for any prior distribution � (f ) and any
posterior distribution q(f ), the following holds with
probabilit y 1 � � :

Ef � q[R(f )] � Ef � q[Remp(f )]

+

r
D(q(f )jj � (f )) � ln � + ln m + 2

2m � 1
(20)

The choice of a prior distribution � (f ) is again crit-
ical in order to achieve a small error bound. Intu-
itiv ely we should choosea distribution � (f ) such that
Ef � � [Remp(f )] is small. As a rami�cation of this the-
orem, PAC-Bayesian margin bounds have beendevel-
oped which provide theoretical foundations for SVMs
[16]. The key idea involveschoosing a prior � (f ) and
a posterior q(f ) such that, in addition to our intu-
ition above, it is easy to compute D(q(f )jj � (f )) and
Ef � q[Remp(f )]. Usually q(f ) is chosen to be in the
samefamily as � (f ).

In this section, we obtain the error bounds for adap-
tation in a similar fashion as [16], but with simpler
derivations. Since the derivation requires speci�ca-
tion of a classi�er, we�rst investigategenerativeGaus-
sian models where only Gaussianmeansare adapted.
We further assume equal class prior probabilities
! + = ! � =1 =2, equalcovariancematrices � + =� � =� tr ,
and opposite means � + = � � � = � , thereby leading to
a linear decision boundary. In such a case,f is rep-
resented by � . We make such assumptions only to
simplify the calculation of the stochastic error in this
work, while similar bounds can be derived for more
generalcases.

McAllester's PAC-Bayesian bound allows to choose
any prior distribution and posterior distribution. Here
we usepdiv (f ) as the prior distribution, where we as-
sumea uniform � (f ) and renormalize pdiv (f ) accord-
ingly. The resulting prior is a Gaussian centered at
the unadapted means [� tr ; � � tr ]T . Furthermore, we
de�ne the posterior distribution q(f ) to be a Gaussian
centered at some means [� 0; � � 0]T . Mathematically,
pdiv (f ) = N (� ; � tr ; � tr ), and q(f ) = N (� ; � 0; � tr ). It
is easyto compute the KL-div ergence

D(q(f )jjpdiv (f )) =
1
2

(� 0 � � tr )T � tr � 1
(� 0 � � tr )

which givesthe secondterm in Equation (20). On the
other hand, to calculate Ef � q[Remp(f )]), we �rst in-
spect the decision function regarding sample (x i ; yi ),

i.e., sgn(yi (� + � � � )T � tr � 1x i ) = sgn(yi xT
i � tr � 1� ).

Since q(� ) = N (� ; � 0; � tr ), yxT � tr � 1 � � is a uni-
variate Gaussian with mean yxT � tr � 1� 0 and vari-
ance (yxT � tr � 1)� tr (yxT � tr � 1)T = xT � tr � 1x. The
stochastic empirical risk hencebecomes

Ef � q[Remp(f )]

=
1
m

mX

i =1

E� �N ( � ;� 0;� tr ) [I( yi xT
i � tr � 1

� < 0)]

=
1
m

mX

i =1

Et �N ( t ;y i x T
i � tr � 1 � 0;x T

i � tr � 1 x i ) [I( t < 0)]

=
1
m

mX

i =1

F
�

yi xT
i � tr � 1� 0

q
xT

i � tr � 1x i

�

(21)

where F (t) =
R1

t
1p
2�

e� s 2
2 ds, and (x i ; yi ) 2 Dad

m .

In conclusion, to adapt Gaussianmeansin the above
setting, for any choiceof � 0, the following bound holds
true with probabilit y at least 1 � � .

Ef � q[R(f )] �
1
m

mX

i =1

F (
yi xT

i � tr � 1� 0

(xT
i � tr � 1x i )1=2

)

+

vu
u
t

1
2

(� 0 � � tr )T � tr � 1
(� 0 � � tr ) � ln � + ln m + 2

2m � 1
(22)

Lastly, we derive an adaptation error bound for hy-
perplane classi�ers w T x + b, which is an important
representativ e for discriminativ e classi�ers (see Sec-
tion 3.2). In this case, f = (w; b) where we assume
that w and b are independent variables. We use a
Gaussianprior p(f ) centered at (w tr ; btr ). Note that
the choice of this prior relates to previous work on
margin bounds; [16] used a Gaussian prior centered
at zero, and [17] estimated Gaussianpriors from pre-
vious training subsetsfor incremental learning. The
key di�erence is that we choosea Gaussian centered
at the unadapted parameters. Furthermore, we choose
a posterior q(f ) in the samefamily. Mathematically,
p(w; b) = N (w; w tr ; I ) � N (b; btr ; 1), and q(w; b) =
N (w; w 0; I ) � N (b; b0; 1).

Following the derivation in our previous example, we
arriveat the following result: for any choiceof (w 0; b0),
the following bound holds true with probabilit y at
least 1 � � .

Eq( f ) [Rp(x ;y ) (f )] �
1
m

mX

i =1

F (
yi (xT

i w 0+ b0)
p

kx i k2 + 1
)

+

vu
u
t

kw 0 � w tr k2 + jb0 � btr j2

2
� ln � + ln m + 2

2m � 1
(23)

where F (t) =
R1

t
1p
2�

e� s 2
2 ds, and (x i ; yi ) 2 Dad

m .



# adapt. samples 0.8K 1.6K 2.4K

Unadapted 38.21 38.21 38.21
Retrained 24.70 18.94 14.00
Boosted 29.66 26.54 28.85

Regularized I 23.28 19.01 15.00
Regularized I I 28.55 25.38 20.36

Table 1: Adaptation of a SVM vowel classi�er; The
highlighted entries include the best error rate and
those not signi�can tly di�eren t at the p < 0:001 level
using a di�er ence of proportions signi�can t test (the
samebelow).

# adapt. samples 0.8K 1.6K 2.4K

Unadapted 32.03 32.03 32.03
Retrained zero 14.21 11.20 9.09
Retrained W tr 12.15 9.64 7.88
Retrained last 15.45 13.32 11.40
Regularized 11.56 8.16 7.30

Table 2: Adaptation of an MLP vowel classi�er; The
highlighted entries include the best error rate and
thosenot signi�can tly di�eren t at th e p < 0:001 level.

5 Exp erimen ts

This section evaluates the adaptation algorithms de-
rived from the divergenceprior, i.e., Equation (7) and
Equation (15). We present classi�cation experiments
using adapted SVMs and MLPs, as well as a simula-
tion of empirical error bounds on Gaussianmodels.

5.1 Vowel classi�cation

Our �rst task involvesa dataset of 8 vowel classesar-
ticulated in di�eren t manners (by varying pitch, vol-
ume and duration) [18]. We used 182 cepstral fea-
tures (from 7 frames of 16kHz waveforms). Our tar-
get was to perform speaker adaptation and evaluate
frame-level vowel classi�cation error rates. The train-
ing/testing set had 420K/200K samples.But in train-
ing an unadapted SVM, we used only 80K samples
randomly selectedfrom the training set for computa-
tional tractabilit y. For each speaker in the testing set,
weperformed6-fold adaptation-evaluation, whereeach
adaptation/ev aluation set had 2.4K/12K samples.We
repeated the same experiments for 10 test speakers,
and computed the averageerror rates.

We �rst adapted an SVM classi�er with �xed Gaus-
sian kernels, and compared the following SVM adap-
tation algorithms: (1) \unadapted"; (2) \retrained"
using only adaptation data; (3) \b oosted" which com-
bines the old support vectors with misclassi�ed adap-
tation data [7]; (4) \regularized I" which followsEqua-

# adaptation samples 90 180

Unadapted 12.5 12.5
Retrained 30.1 18.9
Boosted 12.1 10.7

RegularizedI 14.8 13.4
RegularizedI I 11.0 10.4

Table 3: adaptation of a SVM object classi�er; The
highlighted entries include the best error rate and
those not signi�can tly di�eren t at the p < 0:001 level.

tion (17); and (5) \regularized I I" which updates � tr
j

as well. In this task, where it was easy to obtain
adaptation data (100 samples correspond only to a
1-secondutterance), our adaptation data sizes were
relatively large, and the \retrained" classi�er in gen-
eral works well, as shown in Table 1. \Regularized I",
however, had a statistically signi�can t gain over \re-
trained" when the adaptation data sizewasrestricted.

Secondly, we implemented a two-layer MLP with 50
hidden neurons, and compared MLP adaptation al-
gorithms including: (1) "unadapted"; (2) "retrained
zero" which learns a new MLP from randomly ini-
tialized weights and regularizes with weight decay;
(3) "retrained W tr " which starts from the unadapted
weights; (4) "retrained last" which �xes the �rst layer
and retrains the second layer (akin to [1]); and (5)
"regularized" which starts from the unadaptedweights
and regularizesas in Equation (16). As shown in Ta-
ble 2, our proposedadaptation algorithm gavesuperior
performancein all cases.

5.2 Ob ject recognition

Our secondtask was on an object recognition dataset
comprisedof 5 genericclasses(animals, human �gures,
airplanes, trucks and cars), each with 10 objects [19].
The imagesof each object were captured from 18 an-
glesand under 6 lighting conditions (a subsetof [19]).
The training and testing set each had 2700 samples.
We conductedsimilar n-fold adaptation-evaluation ex-
periments, where each adaptation set had either 90 or
180 samples for each lighting condition, and the re-
maining 450 or 360 samples,under the samelighting
condition, were usedfor evaluation.

We comparedthe SVM adaptation algorithms listed in
the vowel classi�cation experiments. As shown in Ta-
ble 3, on this data setwherethe adaptation samplesize
wasextremely small, both "b oosted" and \regularized
I I" worked remarkably well as they incorporate more
information from the training data. We also tried us-
ing an MLP classi�er, and the regularized adaptation
had only a trivial improvement over the unadapted
classi�er.
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Figure 1: Empirical error bound study: � vs. logm for
� = 0:02 (upper �gure) and � = 0:1 (lower �gure)

5.3 Sim ulations of empirical error bounds

We simulated empirical adaptation error bounds for a
Gaussianmodel classi�er. Given an unadapted model,
and an adaptation setwith m samplesrandomly gener-
ated from a target distribution, we learnedan adapted
classi�er using our regularizedadaptation objective in
Equation (7), where the log joint likelihood lossand a
uniform � (f ) wereused,and � 's for di�eren t m's were
discovered using a development set with 5K samples.
We computed the empirical error Remp on the adap-
tation set, and estimated the true error R on a testing
set with 10K samples,both corresponding to the 0-1
loss. We then estimated � = E[I( R > Remp+ � )] using
1K separateruns (10K sampleseach). Figure 1 plots
� vs. logm for � = 0:02 and � = 0:1 with di�eren t
D(ptr jjpad ) and m on simulated 2D-Gaussians. The
� = 0 line corresponds to retraining from scratch (no
adaptation), and also to large KL-div ergences,as then
optimal � discovery produces � = 0. Although we
do not yet have a theoretical result to bound R(f ) by
Remp(f ) in the Gaussianmodel case,as the function
spaceis continuous (Section 4.1), we have empirically
shown that fewer sampleswere neededfor smaller KL
valuesto achieve the samecon�dence � .

The authors would like to thank Patrick Ha�ner for
useful comments.
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