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Announcements

@ On Final projects. One single page final project updates due next
Wednesday, 5/18 at 5:00pm.

@ Again, all submissions must be done electronically, via our drop box.

See the link
https://catalyst.uw.edu/collectit/dropbox/bilmes/14888,
or look at the homework on the web page.
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Class Road Map

We need to find one makeup lectures this

L1 (3/30):
L2 (4/1):

L3 (4/6):

L4 (4/8):

L5 (4/13):
L6 (4/15):
L7 (4/20):
L8 (4/27):
L9 (4/29):
L10 (5/4):

Prof. Jeff Bilmes

term.

L11 (5/6): On SFM, polymatroid
member & greedy, Lovasz ext.
L12 (5/11): Lovdsz ext. +
polymatroid props.

L13 (5/13): More polymatroids, start
lattices

L20: (6/7): (need to find
time/date/place).
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A Lecture and a Course by Jack Edmonds, Rome, May

23-27, 2011

POLYMATROIDS

The talk will sketch an introduction to P, NP, coNP, LP duality, matroids, and
some other foundations of combinatorial optimization theory. A predicate,
p(x), is a statement with variable input x. It is said to be in NP when, for
any x such that p(x) is true, there is, relative to the bit-size of x, an easy
proof that p(x) is true. It is said to be in coNP when —p(x) is in NP. It
is said to be in P when there is an easy (i.e., polynomially bounded time)

algorithm for deciding Wheth i or not p(x) is true. Of course P implies
NP and coNP. Fifty years | _speculated the converse. Polymatroids are
a linear programming construction of abstract matroids. We use them to

describe large classes of concrete predicates (i.e., “problems”) which turn
out to be in NP, in coNP, and indeed in P. Failures in trying to place the
NP ‘traveling salesman predicate” in coNP, and successes in placing some
closely related polymatroidal predicates in both NP and coNP and then in P,
prompted me to conjecture that (1) the NP traveling salesman predicate is
not in P, and (2) all predicates in both NP and coNP are in P. The conjectures
have become popular, and are both used as practical axioms. | might as well
conjecture that the conjectures have no proofs. -

Monday, May 23 2011, 11:30
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A Lecture and a Course by Jack Edmonds, Rome, May

23-27, 2011

POLYMATROIDS ETCETERA: ALGORITHMS AND PRETTY
THEOREMS

A variety of combinatorial existence theorems will be proved by
algorithms which tell how to find an instance of what is asserted
to exist. Another main purpose will be to introduce polyhedral
combinatorics, which uses systems of linear equations to obtain
algorithms and theorems. Emphasis will be on matroids and
polymatroids with a variety of applications, especially to tree
systems and branching systems in networks.

Tuesday-Friday, May 24-27 2011, 10:30
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A Lecture and a Course by Jack Edmonds, Rome, May

23-27, 2011

Both may be seen at http://www.iasi.cnr.it/jack/

A LECTURE AND 4 COURSE BY JACK EDMONDS
ROME, MAY 23-27, 2011

ISTITUTO DI ANALISI DEI SISTEMI ED INFORMATICA - CONSIGLIO NAZIONALE DELLE RICERCHE
onference Room, viale Manzoni 30 - Roma

50¥ears of

Y
Integer Programming
-2001

1958-2008

Prof. Jeff Bilmes


http://www.iasi.cnr.it/jack/

Review
[NRRN]

An extension of f

@ For any f (even not submodular), we can define an extension in this

way, with
Z Nif(U (1)

with the U;'s and sorted order of W defined as above, so that

w = Zi:l )\,lu.
—_—=

[
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Review
[NRRN]

An extension of f

@ For any f (even not submodular), we can define an extension in this

way, with
Z Nif(U (1)

with the U;'s and sorted order of W defined as above, so that
w = Zi:l )‘llU,-

A function f : 2E — R is submodular iff its Lovdsz extension f of f is
convex.
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Review
[NRRN]

An extension of f

@ For any f (even not submodular), we can define an extension in this

way, with
Z Nif(U (1)

with the U;'s and sorted order of W defined as above, so that
w = Zi:l )‘llU,-

A function f : 2E — R is submodular iff its Lovdsz extension f of f is
convex.

@ Perhaps we could call this the Edmonds-Lovadsz-Choquet extension?
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Choquet integral

Definition 2.2

Let f be any capacity on E and w € Ri The Choquet integral (1954)
of w w.r.t. f is defined by

m
Cr(w) = Z(Wei - Wei+1)f(Ui) (2)
i=1
where in the sum, we have sorted and renamed the elements of E so that
We, > We, > =+ 2> We, > We,,; =0, and where U; = {e1, e,..., ¢}
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Review
(LARN]

Choquet integral

Definition 2.2

Let f be any capacity on E and w € Ri The Choquet integral (1954)
of w w.r.t. f is defined by

NE

Cf(W) = (Wei - Wei+1)f(Ui) (2)
i=1
where in the sum, we have sorted and renamed the elements of E so that
We, > We, > =+ 2> We, > We,,; =0, and where U; = {e1, e,..., ¢}

Definition 2.3

Given w € RE | the Lovasz extension (equivalently Choquet integral) may
be defined as follows:

F(w) / ~ Fla)da (3)

0
where the function F is defined as before.
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Lovasz extension

e For a given w € [0,1]™, it is easy to see that we can also define the
Lovdsz extension as

f(w) =E[f(e € E: w(e) > )] (4)
where «a is uniform random variable in [0, 1].

(54/. ()—éw Vit e A ) [C(_-hzr( ok //cu‘-M I?'}
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Review
(NLRN]

Lovasz extension

e For a given w € [0,1]™, it is easy to see that we can also define the

Lovasz extension as
f(w) =E[f(e € E: w(e) > )] (4)
where «a is uniform random variable in [0, 1].

@ The convexity of the Lovasz extension, the ease of minimizing
convex functions, and the fact that we can recover f from 7 via
f(A) = 7~‘(1A) corresponds to why SFM is possible in polynomial
time (which was first shown by Grétschel, Lovasz, and Schrijver in
1988 as part of their Ellipsoid method.
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Choquet integral and aggregation

@ Given the following form of aggregation

AGH) S ( +Za x,)AG 1,  (5)

A:1p€V(x)
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Review
LI

Choquet integral and aggregation

o Given the following form of aggregation

AG) 3 ( )+ Za x,)AG 1) (5
ALaeV(x)

@ We can define a canonical trlangulatlon of the hypercube in terms of
permutations of the coordinates. l.e., given some permutation o,
define

conv(Vs) = {x € [0,1]"[x5(1) = Xp(2) =+ = Xo(m) } (6)
Then these m! bIocks of the partltlon are called the canonical
partitions of the hypercube. In this case, we have:
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Choquet integral and aggregation

o Given the following form of aggregation

AG) 3 ( )+ Za x,)AG 1) (5
A:1p€V(x)

@ We can define a canonical trlangulatlon of the hypercube in terms of
permutations of the coordinates. l.e., given some permutation o,
define

conv(Vs) = {x € [0,1]"[x5(1) = Xp(2) =+ = Xo(m) } (6)
Then these m! bIocks of the partltlon are called the canonical
partitions of the hypercube. In this case, we have:

Proposition 2.4
The above linear interpolation using the canonical partition yields the
Lovdsz extension.
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Polymatroid extreme points

For a given ordering E = (e1, ..., em) of E and a given E; and x
generated by E; using the greedy procedure, then x is an extreme point
of Pf
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Polymatroids
[NRNNR!

Polymatroid extreme points

@ The greedy algorithm does more than solve max(wx : x € Pr). We
can use it to generate vertices of polymatroidal polytopes.
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Polymatroids
[NRNNR!

Polymatroid extreme points

@ The greedy algorithm does more than solve max(wx : x € Pr). We
can use it to generate vertices of polymatroidal polytopes.

o First, consider Py and also Cr % {x:x e RE, x(e) < f(e)}
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Polymatroids
[NRNNR!

Polymatroid extreme points

@ The greedy algorithm does more than solve max(wx : x € Pr). We
can use it to generate vertices of polymatroidal polytopes.

o First, consider Py and also Cr % {x:x e RE, x(e) < f(e)}
<

@ Then Pr C Cr since f(A) = > (f(Ai—1 +ai) — f(Ai—1)) <>, f(ai)
for some order of elements in A.
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Polymatroid extreme points

@ The greedy algorithm does more than solve max(wx : x € Pr). We
can use it to generate vertices of polymatroidal polytopes.

o First, consider Py and also Cr % {x:x e RE, x(e) < f(e)}
<

@ Then Pr C Cr since f(A) = > (f(Ai—1 +ai) — f(Ai—1)) <>, f(ai)
for some order of elements in A.
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Polymatroids
[NRNNR!

Polymatroid extreme points

e Given w € RE, we can chose any e € E to be such that
w(e) > w(f) for f € E\ {e}.
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Polymatroids
[NRNNR!

Polymatroid extreme points

e Given w € RE, we can chose any e € E to be such that
w(e) > w(f) for f € E\ {e}.

@ Thus, intuitively, any initial vertex of the polytope can be obtained
by advancing along the corresponding axis.
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Polymatroids
[NRNNR!

Polymatroid extreme points

e Given w € RE, we can chose any e € E to be such that
w(e) > w(f) for f € E\ {e}.

@ Thus, intuitively, any initial vertex of the polytope can be obtained
by advancing along the corresponding axis.

@ The base polytope is defined as the extreme face of Pr. l.e.,

By = Pm{xeRi : x(E) = f(E)} (7)
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Polymatroid extreme points

e Given w € RE, we can chose any e € E to be such that
w(e) > w(f) for f € E\ {e}.

@ Thus, intuitively, any initial vertex of the polytope can be obtained
by advancing along the corresponding axis.

@ The base polytope is defined as the extreme face of Pr. l.e.,

By = Pm{xeRi : x(E) = f(E)} (7)
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Polymatroids
[NRNNR!

Polymatroid extreme points

e Given w € RE, we can chose any e € E to be such that
w(e) > w(f) for f € E\ {e}.

@ Thus, intuitively, any initial vertex of the polytope can be obtained
by advancing along the corresponding axis.

@ The base polytope is defined as the extreme face of Pr. l.e.,
Bf:me{XERE_ :x(E):f(E)} (7)
@ Also, intuitively, we can continue advancing along the skeletal edges
of the polytope to reach any other vertex, given the appropriate

ordering. If we advance in all dimensions, we'll reach a vertex in By,

and if we advance only in some dimensions, we'll reach a vertex in
P¢ \ Bf.
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Polymatroids
[NRNNR!

Polymatroid extreme points

e Given w € RE, we can chose any e € E to be such that
w(e) > w(f) for f € E\ {e}.

@ Thus, intuitively, any initial vertex of the polytope can be obtained
by advancing along the corresponding axis.

@ The base polytope is defined as the extreme face of Pr. l.e.,

Bf:me{XERE_ :x(E):f(E)} (7)

@ Also, intuitively, we can continue advancing along the skeletal edges
of the polytope to reach any other vertex, given the appropriate
ordering. If we advance in all dimensions, we'll reach a vertex in By,
and if we advance only in some dimensions, we'll reach a vertex in
P¢ \ Bf.

@ We formalize this next:
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Polymatroids
[NRNNR!

Polymatroid extreme points

e Given any arbitrary order of E = (e, €,...,€en), define
Ei=(e1,e,...,6).
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Polymatroids
[NRNNR!

Polymatroid extreme points

e Given any arbitrary order of E = (e, €,...,€en), define
Ei=(e1,e,...,6).
@ A vector x is generated by E; using the greedy procedure as follows

x(e1) = f(£1) (8)
x(ej) = f(Ej) — f(Ej—1) for2 < j < (9)
x(e) =0forec E\ E; (10)
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Polymatroids
[NRNNR!

Polymatroid extreme points

e Given any arbitrary order of E = (e, €,...,€en), define
Ei=(e1,e,...,6).
@ A vector x is generated by E; using the greedy procedure as follows

x(e1) = f(£1) (8)
x(ej) = f(Ej) — f(Ej—1) for2 < j < (9)
x(e) =0forec E\ E; (10)

@ An extreme point of Pr is a point that is not a convex combination
of two other distinct points in Pr. Equivalently, an extreme point
corresponds to setting certain inequalities in the specification of Pr
to be equalities, so that there is a unique single point solution.
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Polymatroids
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Polymatroid extreme points

For a given ordering E = (e1, ..., en) of E and a given E; and x

generated by E; using the greedy procedure, then x is an extreme point
of Pf
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Polymatroids
[NRRRN!

Polymatroid extreme points

Theorem 3.1

For a given ordering E = (e1, ..., en) of E and a given E; and x

generated by E; using the greedy procedure, then x is an extreme point
of P f

@ We already saw that x € Pr (in Lecture 11, proof of Theorem 4.2).
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Polymatroids
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Polymatroid extreme points

Theorem 3.1

For a given ordering E = (e1, ..., en) of E and a given E; and x

generated by E; using the greedy procedure, then x is an extreme point
of P f

@ We already saw that x € Pr (in Lecture 11, proof of Theorem 4.2).

@ To show that x is an extreme point of P, note that it is the unique
solution of the following system of equations

x(Ej) = f() for 1< j<i (11)
x(e)=0foreec E\E; (12)
L]
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Polymatroids
[NRNNR!

Polymatroid extreme points

@ As an example, we have x(E1) = x(e1) = f(e1)
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Polymatroids
[NRNNR!

Polymatroid extreme points

@ As an example, we have x(E1) = x(e1) = f(e1)
o x(Ex) = x(e1) + x(e2) = f(e1, ) so
x(e2) = f(e1, &) — x(e1) = f(e1, &) — f(e1).
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Polymatroids
[NRNNR!

Polymatroid extreme points

@ As an example, we have x(E1) = x(e1) = f(e1)
o x(E2) = x(e1) + x(e2) = f(e1, &) so
x(e2) = f(e1, &) — x(e1) = f(e1, &) — f(e1).
o x(E3) = x(e1) + x(e2) + x(e3) = f(e1, &, €3) s0
(e3) = f(e1, &2, €3) — x(&2) — x(e1) = f(en, &2, €3) — f(e1, &)

X
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Polymatroids
[NRNNR!

Polymatroid extreme points

@ As an example, we have x(E1) = x(e1) = f(e1)
o x(E2) = x(e1) + x(e2) = f(e1, &) so
x(e2) = f(e1, &) — x(e1) = f(e1, &) — f(e1).
o x(E3) = x(e1) + x(e2) + x(e3) = f(e1, €2, €3) s0
x(e3) = f(e1, e2,€3) — x(e2) — x(e1) = f(e1, €2, €3) — f(e1, &)
@ And so on ...
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Polymatroids
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Polymatroid extreme points

@ As an example, we have x(E1) = x(e1) = f(e1)
o x(E2) = x(e1) + x(e2) = f(e1, &) so
x(e2) = f(e1, &) — x(e1) = f(e1, &) — f(e1).
o x(E3) = x(e1) + x(e2) + x(e3) = f(e1, €2, €3) s0
x(e3) = f(e1, e2,€3) — x(e2) — x(e1) = f(e1, €2, €3) — f(e1, &)
@ And so on ...
@ Also, since x € Py, for each i, we see that,
x(Ej) = f(E) (13)
x(A) < f(A),VACE (14)
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Polymatroid extreme points

@ As an example, we have x(E1) = x(e1) = f(e1)
o x(E2) = x(e1) + x(e2) = f(e1, &) so
x(e2) = f(e1, &) — x(e1) = f(e1, &) — f(e1).
o x(E3) = x(e1) + x(e2) + x(e3) = f(e1, €2, €3) s0
x(e3) = f(e1, e2,€3) — x(e2) — x(e1) = f(e1, €2, €3) — f(e1, &)
@ And soon ...
@ Also, since x € Py, for each i, we see that,
x(Ei) = f(Ej) (13)
x(A) < f(A),VACE (14)
@ Thus, the greedy procedure provides a modular function lower
bound on f that is tight on all points E; in the order.
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Polymatroid extreme points

some examples
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Polymatroids
[NRNNR!

Polymatroid extreme points

i @ Moreover, we have

If x is an extreme point of Pr and B C E is given such that
{e€ E:x(e) #0} C BCU(A: x(A) =f(A)), then x is generated
using greedy by some ordering of /6
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Polymatroids

Polymatroid extreme points

@ Moreover, we have

If x is an extreme point of Pr and B C E is given such that
{e€ E:x(e) #0} C BCU(A: x(A) =f(A)), then x is generated
using greedy by some ordering of A.

e Note, cl(x) = U(A: x(A) = f(A)) is the closure of x (recall that
sets A such that x(A) = f(A) are called tight, and such sets are
closed under union and intersection, see Lecture 7, in proof of

Theorem 4.3, starting Eq. 50). ¢ ¢ 3 /ﬁ%—\‘

x Zq,q M\V,'-

¢

Prof. Jeff Bilmes EE595A /Spr 2011 /Submodular Functions — Lecture 13 - May 13th, 2011 page 10


jab
Pencil

jab
Pencil

jab
Pencil

jab
Pencil

jab
Sticky Note
Marked set by jab

jab
Sticky Note
Marked set by jab

jab
Sticky Note
Marked set by jab

jab
Sticky Note
Marked set by jab


Polymatroids

Polymatroid extreme points

@ Moreover, we have

If x is an extreme point of Pr and B C E is given such that
{e€ E:x(e) #0} C BCU(A: x(A) =f(A)), then x is generated
using greedy by some ordering of A.

e Note, cl(x) = U(A: x(A) = f(A)) is the closure of x (recall that
sets A such that x(A) = f(A) are called tight, and such sets are
closed under union and intersection, see Lecture 7, in proof of
Theorem 4.3, starting Eq. 50).

@ Thus, cl(x) is a tight set.

Prof. Jeff Bilmes EE595A /Spr 2011 /Submodular Functions — Lecture 13 - May 13th, 2011 page 10



Polymatroids

Polymatroid extreme points

@ Moreover, we have

If x is an extreme point of Pr and B C E is given such that
{e€ E:x(e) #0} C BCU(A: x(A) =f(A)), then x is generated
using greedy by some ordering of A.

e Note, cl(x) = U(A: x(A) = f(A)) is the closure of x (recall that
sets A such that x(A) = f(A) are called tight, and such sets are
closed under union and intersection, see Lecture 7, in proof of
Theorem 4.3, starting Eq. 50).

@ Thus, cl(x) is a tight set.

@ Also, supp(x) = {e € E : x(e) # 0} is called the support of x.
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Polymatroids

Polymatroid extreme points

@ Moreover, we have

If x is an extreme point of Pr and B C E is given such that
{e€ E:x(e) #0} C BCU(A: x(A) =f(A)), then x is generated
using greedy by some ordering of A.

e Note, cl(x) = U(A: x(A) = f(A)) is the closure of x (recall that
sets A such that x(A) = f(A) are called tight, and such sets are
closed under union and intersection, see Lecture 7, in proof of
Theorem 4.3, starting Eq. 50).

@ Thus, cl(x) is a tight set.
@ Also, supp(x) = {e € E : x(e) # 0} is called the support of x.
e For arbitrary x, supp(x) is not tight, but for an extreme point,

supp(x) is. D
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Polymatroids
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Polymatroid Closure/Sat

@ Recall closure from Lecture 3: Given A C E, the closure or span of
A, is defined by span(A) = o(A) ={be€ E : r(AU{b}) = r(A)}
where r is matroid rank.
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Polymatroid Closure/Sat

@ Recall closure from Lecture 3: Given A C E, the closure or span of
A, is defined by span(A) = o(A) ={be€ E : r(AU{b}) = r(A)}
where r is matroid rank.

@ Thus, closure of a set A are all items that A spans (eq. that depend
on A).
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Polymatroid Closure/Sat

@ Recall closure from Lecture 3: Given A C E, the closure or span of
A, is defined by span(A) = o(A) ={be€ E : r(AU{b}) = r(A)}
where r is matroid rank.

@ Thus, closure of a set A are all items that A spans (eq. that depend
on A).

e Consider x € Pr for polymatroid function f.
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(L RRRR}

Polymatroid Closure/Sat

@ Recall closure from Lecture 3: Given A C E, the closure or span of
A, is defined by span(A) = o(A) ={be€ E: r(AU{b}) =r(A)}
where r is matroid rank.

@ Thus, closure of a set A are all items that A spans (eq. that depend
on A).

e Consider x € Pr for polymatroid function f.

@ Recall tight sets, from Lecture 7. They are closed under union and
intersection, and therefore form a distributed lattice. For a given

x € P, we can define this family
D(x)={A: ACE,x(A) =f(A)} (15)

U/
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Polymatroid Closure/Sat

@ Recall closure from Lecture 3: Given A C E, the closure or span of
A, is defined by span(A) = o(A) ={be€ E : r(AU{b}) = r(A)}
where r is matroid rank.

@ Thus, closure of a set A are all items that A spans (eq. that depend
on A).

e Consider x € Pr for polymatroid function f.

@ Recall tight sets, from Lecture 7. They are closed under union and
intersection, and therefore form a distributed lattice. For a given
x € P, we can define this family

D(x)={A: ACE,x(A) =f(A)} (15)

@ That is, we saw in Lecture 7 that for any A, B € D(x), we have that

AU B € D(x) and AN B € D(x).
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Polymatroid Closure/Sat

e Now given:
D(x)={A:AC E,x(A)=1(A)} (16)
={A:f(A)— x(A) =0} (17)

-:5/’—: ‘FI(A/) '{0;
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Polymatroid Closure/Sat

e Now given:
D(x)={A:AC E,x(A)=1(A)} (16)
={A:f(A)— x(A) =0} (17)
@ Since x € Pr and f is presumed to be polymatroid function, we see
f'(A) = f(A) — x(A) is a non-negative submodular function, and
D(x) are the zero-valued minimizers (if any) if f/(A).
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Polymatroid Closure/Sat

e Now given:
D(x)={A:AC E,x(A)=1(A)} (16)
={A:f(A)— x(A) =0} (17)
@ Since x € Pr and f is presumed to be polymatroid function, we see
f'(A) = f(A) — x(A) is a non-negative submodular function, and
D(x) are the zero-valued minimizers (if any) if f/(A).
@ The zero-valued minimizers of f’ are thus closed under union and
intersection. In fact, for arbitrary submodular f, the minimizers are
so closed. Let A, B € argminyg f(X).

=t L fe) yC o
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Polymatroid Closure/Sat

e Now given:

D(x)={A:AC E,x(A)=1(A)} (16)
={A:f(A)— x(A) =0} (17)

@ Since x € Pr and f is presumed to be polymatroid function, we see
f'(A) = f(A) — x(A) is a non-negative submodular function, and
D(x) are the zero-valued minimizers (if any) if f/(A).

@ The zero-valued minimizers of f’ are thus closed under union and
intersection. In fact, for arbitrary submodular f, the minimizers are
so closed. Let A, B € argminycg f(X).

@ Then since f(A) = f(B) < f(AN B) and f(A) = f(B) < f(AUB),
and by submodularity

f(A)+f(B) > f(AUB)+ f(ANB) (18)
we must have f(A) = f(B) = f(AUB) =f(ANB).
=
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Polymatroid Closure/Sat

e Matroid closure can be generalized (also called the polymatroid
closure or saturation function) as unique maximal element in D(x).

cl(x) € sat(x) € | J{A: A€ D(x)} (19)
=|J{A: AC E. x(A) = f(A)} (20)

él,"—, 53 5_1738
Pa 2Ry
§ 11y 90y 225)

~/

b
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Polymatroid Closure/Sat

e Matroid closure can be generalized (also called the polymatroid
closure or saturation function) as unique maximal element in D(x).

cl(x) & sat(x) © | J{A: A€ D(x)} (19)
= J{A: AC E x(A) = f(A)} (20)
={e:e€c E,Va>0,x+al. ¢ Pr} (21)

\ ﬂ./cc*iv"/ L canT 70

[o lewiy ¥y
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Polymatroid Closure/Sat

e Matroid closure can be generalized (also called the polymatroid
closure or saturation function) as unique maximal element in D(x).

cl(x) & sat(x) © | J{A: A€ D(x)} (19)
= J{A: AC E x(A) = f(A)} (20)

={e:ec EVa>0,x+al. ¢ Pr} (21)

@ This generalizes matroid closure in the following way. Consider a

matroid (E, r) and some B C E and 1 Wlth&B a vertex in P;.

Then, —_

sat(lg) = J{A: AC E,15(A) =r(A)} (22

But 15(A) = 1g(AN B) and so this can be never greater than either

Aor B, so any item e € A\ B that doesn't increase the rank of B

will never get counted in 1g(AN B), nor will it be counted in r(A).

g (M%) = [ 10e)
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Polymatroid Closure/Sat

e Matroid closure can be generalized (also called the polymatroid
closure or saturation function) as unique maximal element in D(x).

cl(x) & sat(x) © | J{A: A€ D(x)} (19)
= J{A: AC E x(A) = f(A)} (20)

={e:ec EVa>0,x+al. ¢ Pr} (21)

@ This generalizes matroid closure in the following way. Consider a

matroid (E, r) and some B C E and 1g with 1g a vertex in P,.

Then,

sat(lg) = J{A: AC E,15(A) =r(A)} (22

But 15(A) = 1g(AN B) and so this can be never greater than either

A or B, so any item e € A\ B that doesn't increase the rank of B

will never get counted in 1g(AN B), nor will it be counted in r(A).

@ Therefore, for matroid (E, r), we have o(B) = sat(1p).
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Polymatroid Closure/Sat

e Now, consider a matroid (E,Z) = (E, r) and some | € Z, then we
have 1, € P, and
sat(1)) = | J{A: AC E,1,(A) = r(A)} (23)

=|J{A:ACE |INA =r(A)} (24)
oM s\ vl A o1 (hlt |*L/U|.-_ r{j)
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Polymatroid Closure/Sat

e Now, consider a matroid (E,Z) = (E, r) and some | € Z, then we
have 1, € P, and

sat(1)) = | J{A: AC E,1,(A) = r(A)} (23)
=|J{A:ACE |INA =r(A)} (24)

o Generatively: Now clearly A= [ is such that |I| =r(/). If b¢ [ is
such that r(/ + b) = r(I) = |I|, we also have that béywlf)

[I'N(I+b)|=]|INI| thus we can increase A < A+ b.

M ,’U'\'
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Polymatroid Closure/Sat

e Now, consider a matroid (E,Z) = (E, r) and some | € Z, then we
have 1, € P, and

sat(1)) = | J{A: AC E,1,(A) = r(A)} (23)
=|J{A:ACE |INA =r(A)} (24)

o Generatively: Now clearly A= [ is such that |I| =r(/). If b¢ [ is
such that r(/ + b) = r(I) = |I|, we also have that
[I'N (I +b)|=]|INI| thus we can increase A < A+ b.

@ Thus, for a matroid, sat(1;) is exactly the closure (or span) of / in
the matroid.
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Polymatroid Closure/Sat

e Now, consider a matroid (E,Z) = (E, r) and some | € Z, then we
have 1, € P, and
sat(1)) = | J{A: AC E,1,(A) = r(A)} (23)

=|J{A:ACE |INA =r(A)} (24)
o Generatively: Now clearly A= [ is such that |I| =r(/). If b¢ [ is
such that r(/ + b) = r(I) = |I|, we also have that
[I'N (I +b)|=]|INI| thus we can increase A < A+ b.
@ Thus, for a matroid, sat(1;) is exactly the closure (or span) of / in
the matroid.
@ Also note, for x € Pr and polymatroidal f, sat(x) is the maximal
(by inclusion) minimizer of f(A) — x(A), and thus in a matroid,
span(/) is the maximal minimizer of r(A) — 1,(A).
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Support of vector

@ The support of a vector x € Py is defined as the elements with
non-zero entries.
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Support of vector

@ The support of a vector x € Py is defined as the elements with
non-zero entries.

@ Thatis
supp(x) = {e € E : x(e) # 0} (25)
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Support of vector

@ The support of a vector x € Py is defined as the elements with
non-zero entries.

@ Thatis
supp(x) = {e € E : x(e) # 0} (25)
o Clearly, sat(x) is a tight set, but not necessarily supp(x).
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Support of vector

@ The support of a vector x € Py is defined as the elements with
non-zero entries.

@ Thatis
supp(x) = {e € E : x(e) # 0} (25)
o Clearly, sat(x) is a tight set, but not necessarily supp(x).

e For any extremal point x, we have supp(x) is tight.
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Dependence Function

@ Tight sets containing a particular element. Given x € Ps, and
e € sat(x), define
D(x,e) ={A:ec AC E,x(A)=1f(A)} (26)
=D(x)N{A:ACE,ec A} (27)

D) 212\9 ‘l‘ P(x,1)

/
gLy Ly s 172 w1
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Dependence Function

@ Tight sets containing a particular element. Given x € Ps, and
e € sat(x), define
D(x,e) ={A:ec AC E,x(A)=1f(A)} (26)
=D(x)N{A:ACE,ec A} (27)
@ Thus, D(x,e) C D(x), and D(x, e) is a sublattice of D(x).
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(RRR NN}

Dependence Function

@ Tight sets containing a particular element. Given x € Ps, and
e € sat(x), define
D(x,e) ={A:ec AC E,x(A)=1f(A)} (26)
=D(x)N{A:ACE,ec A} (27)
@ Thus, D(x,e) C D(x), and D(x, e) is a sublattice of D(x).

@ Therefore, we can define a unique minimal element of D(x, e)

denoted as follows:
N{A:eec ACE ,x(A)=f(A)} if eesat(x)

dep(x, e) =
Px.€) 1] else

(28)
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Dependence Function

@ Tight sets containing a particular element. Given x € Ps, and
e € sat(x), define
D(x,e) ={A:ec AC E,x(A)=1f(A)} (26)
=D(x)N{A:ACE,ec A} (27)
@ Thus, D(x,e) C D(x), and D(x, e) is a sublattice of D(x).
@ Therefore, we can define a unique minimal element of D(x, e)

denoted as follows:
dep(x, €) = N{A:eec ACE ,x(A)=f(A)} if eesat(x)
0 else
(28)
@ l.e, dep(x, E) is the minimal element in D(x) that contains e (the
minimal x-tight set containing e).
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Dependence Function

e Now, let (E,Z) = (E, r) be a matroid, and let / € Z. Let
e € sat(1;) = span(/) = closure(/).
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Dependence Function

e Now, let (E,Z) = (E, r) be a matroid, and let / € Z. Let

e € sat(1;) = span(/) = closure(/). f(jfm}
e Given e € sat(1,)\ / and then consider an A > e with |IﬂA| = r(A).
\/
dnAc A
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Dependence Function

e Now, let (E,Z) = (E, r) be a matroid, and let / € Z. Let A')
e € sat(1;) = span(/) = closure(/). /(L’S/'
@ Given e € sat(1;)\ / and then consider an A 5 e with |/ NA| Z r(A).

@ Then / N A serves as a base for A (i.e., | N A spans A) and any such
A contains acircuit (i.e., we add e ¢ / to / N A w/o increasing rank).

lap ot (G0 2#)

Prof. Jeff Bilmes EE595A /Spr 2011 /Submodular Functions — Lecture 13 - May 13th, 2011 page 13


jab
Pencil

jab
Pencil

jab
Pencil

jab
Sticky Note
Marked set by jab

jab
Sticky Note
Marked set by jab

jab
Sticky Note
Marked set by jab


Polymatroids
(RRR NN}

Dependence Function

e Now, let (E,Z) = (E, r) be a matroid, and let / € Z. Let
e € sat(1;) = span(/) = closure(/).
@ Given e € sat(1;)\ / and then consider an A > e with | NA| = r(A).

@ Then / N A serves as a base for A (i.e.,, I N A spans A) and any such
A contains a circuit (i.e., we add e ¢ / to / N A w/o increasing rank).

e Given e € sat(1/) \ / and then consider the unique minimal A> e
with |/ N A| = r(A).
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Dependence Function

e Now, let (E,Z) = (E, r) be a matroid, and let / € Z. Let

e € sat(1;) = span(/) = closure(/). —

@ Given e € sat(1;)\ / and then consider an A > e with [INA| = r(A).

@ Then / N A serves as a base for A (i.e.,, I N A spans A) and any such
A contains a circuit (i.e., we add e ¢ / to / N A w/o increasing rank).

e Given e € sat(1/) \ / and then consider the unique minimal A> e
with |/ N A = r(A).
e That is, consider dep(1;, e), with
dep(1/,e) = |{A:ec AC E, 1,(A) = r(A)} (29)

=({A:e€ ACE,|[INAl=r(A)}  (30)
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Dependence Function

e Now, let (E,Z) = (E, r) be a matroid, and let / € Z. Let
e € sat(1;) = span(/) = closure(/).
@ Given e € sat(1;)\ / and then consider an A > e with | NA| = r(A).

@ Then / N A serves as a base for A (i.e.,, I N A spans A) and any such
A contains a circuit (i.e., we add e ¢ / to / N A w/o increasing rank).

e Given e € sat(1/) \ / and then consider the unique minimal A> e
with |/ N A| = r(A).
e That is, consider dep(1;, e), with
dep(1/,e) = |{A:ec AC E, 1,(A) = r(A)} (29)
=(1{A:ec ACE,|INA =r(A)} (30)

@ then dep(1,, e) must be a circuit since if it included more than a
circuit, it would not be minimal in this sense.
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Dependence Function

@ Therefore, dep(1;,e) = C(/,e) where C(/,e) is the unique circuit
contained in [ + e in a matroid, called the fundamental circuit of e
in the independent set /. T /.

' by g

ITNN
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Dependence Function

@ Therefore, dep(1;,e) = C(/,e) where C(/,e) is the unique circuit
contained in [ + e in a matroid, called the fundamental circuit of e
in the independent set /.

e Now, if e € sat(1;) N/ with | € Z, we said that C(/, e) was
undefined.
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Dependence Function

@ Therefore, dep(1;,e) = C(/,e) where C(/,e) is the unique circuit
contained in [ + e in a matroid, called the fundamental circuit of e
in the independent set /.

e Now, if e € sat(1;) N/ with | € Z, we said that C(/, e) was
undefined.

@ In this case, for such an e, we have dep(1;,e) = {e} since all such
sets A 5 e with |/ NA| = r(A) contain e, but in this case no cycle is
created.
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Dependence Function

@ Therefore, dep(1;,e) = C(/,e) where C(/,e) is the unique circuit
contained in [ + e in a matroid, called the fundamental circuit of e
in the independent set /.

e Now, if e € sat(1;) N/ with | € Z, we said that C(/, e) was
undefined.

@ In this case, for such an e, we have dep(1;,e) = {e} since all such
sets A 5 e with |/ NA| = r(A) contain e, but in this case no cycle is
created.

@ We are thus free to take subsets of | as A, all of which contain e.
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Dependence Function

@ Therefore, dep(1;,e) = C(/,e) where C(/,e) is the unique circuit
contained in [ + e in a matroid, called the fundamental circuit of e
in the independent set /.

e Now, if e € sat(1;) N/ with | € Z, we said that C(/, e) was
undefined.

@ In this case, for such an e, we have dep(1;,e) = {e} since all such
sets A 5 e with |/ NA| = r(A) contain e, but in this case no cycle is
created.

@ We are thus free to take subsets of | as A, all of which contain e.

e Now, note in general dep(x, e) for x € Pr and e € sat(x) is tight, by
definition.
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Dependence Function

@ Summarizing,

o For x € Pr, sat(x) (span, closure) is the maximal saturated (x-tight)
set w.rt. x. Le, sat(x) ={e:e€ E,Va > 0,x+al. ¢ Pr}

o For e € sat(x), dep(x, e) (fundamental circuit) is the minimal
(common) saturated (x-tight) set w.r.t. x containing e.
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Polymatroids
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Dependence Function

@ Summarizing,

o For x € Pr, sat(x) (span, closure) is the maximal saturated (x-tight)
set w.rt. x. Le, sat(x) ={e:e€ E,Va > 0,x+al. ¢ Pr}

o For e € sat(x), dep(x, e) (fundamental circuit) is the minimal
(common) saturated (x-tight) set w.r.t. x containing e.

[\ d
@ Recall, we have C(/,%) \e'eZfore € C(l,e)\{e}. le, C(I,e)
consists of the elements that when removed recover independence.
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Polymatroids
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Dependence Function

@ Summarizing,

o For x € Pr, sat(x) (span, closure) is the maximal saturated (x-tight)
set w.rt. x. Le, sat(x) ={e:e€ E,Va > 0,x+al. ¢ Pr}
o For e € sat(x), dep(x, e) (fundamental circuit) is the minimal
(common) saturated (x-tight) set w.r.t. x containing e.
@ Recall, we have C(/,e)\ € € Z for ¢’ € C(l,e)\ {e}. l.e., C(l,€)
consists of the elements that when removed recover independence.
@ In other words, for e € span(/), we have that
C(l,e)={acE:I+e—acT} (31)
———
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Dependence Function

@ Summarizing,

o For x € Pr, sat(x) (span, closure) is the maximal saturated (x-tight)
set w.rt. x. Le, sat(x) ={e:e€ E,Va > 0,x+al. ¢ Pr}

o For e € sat(x), dep(x, e) (fundamental circuit) is the minimal
(common) saturated (x-tight) set w.r.t. x containing e.

@ Recall, we have C(/,e)\ € € Z for ¢’ € C(l,e)\ {e}. l.e., C(l,€)
consists of the elements that when removed recover independence.

@ In other words, for e € span(/), we have that

C(l,e)={acE:I+e—acT} (31)
@ Also, for e € span(/), we have that | +e ¢ 7.
s~
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Dependence Function

@ Summarizing,

o For x € Pr, sat(x) (span, closure) is the maximal saturated (x-tight)
set w.rt. x. Le, sat(x) ={e:e€ E,Va > 0,x+al. ¢ Pr}

o For e € sat(x), dep(x, e) (fundamental circuit) is the minimal
(common) saturated (x-tight) set w.r.t. x containing e.

@ Recall, we have C(/,e)\ € € Z for ¢’ € C(l,e)\ {e}. l.e., C(l,€)
consists of the elements that when removed recover independence.
@ In other words, for e € span(/), we have that
C(l,e)={acE:I+e—acT} (31)
Also, for e € span(/), we have that | +e ¢ 7. ]

Analogously, for e € sat(x), any x + ale ¢ Pr for a > 0.

4 "
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Dependence Function

@ Summarizing,

o For x € Pr, sat(x) (span, closure) is the maximal saturated (x-tight)
set w.rt. x. Le, sat(x) ={e:e€ E,Va > 0,x+al. ¢ Pr}

o For e € sat(x), dep(x, e) (fundamental circuit) is the minimal
(common) saturated (x-tight) set w.r.t. x containing e.

@ Recall, we have W%e}. I.;«,/C(I,e)
consists of the elements that when removed re r independence.
@ In other words, for e € span(/), we have that
C(l,e)={acE:I+e—acT} (31)
@ Also, for e € span(/), we have that | +e ¢ 7.
@ Analogously, for e € sat(x), any x + al. ¢ Pr for a > 0.

@ But, analogous to the circuit case, is there an exchange property for
dep(x, e)? Could move in this direction if we simultaneously move in
another direction?
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Dependence Function

@ We can move neither in the (e) nor the (a) direction, but we can
move in the (e) direction if we simultaneously move in the -(a)
direction.
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Dependence Function

U A , :
= Al4eUn)  #8) {4
o We ‘fa(%) maf/%jﬁeilcﬁhgr in tfze (e) nor the (a) direction, buzc 2
move in the (e) direction if we simultaneously move in the -(a)
direction.

Z

@ This suggests
dep(x,e) ={a:ac E,Ja>0:x+a(le—1,) € Pr} (32)
- -
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Extreme points by greedy

Recall earlier theorem _

If x is an extreme point of Pr and B C E is given such that
supp(x) C B C sat(x), then x is generated using greedy by some
ordering of A.
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Extreme points by greedy

Recall earlier theorem

If x is an extreme point of Pr and B C E is given such that
supp(x) C B C sat(x), then x is generated using greedy by some
ordering of A.

Proof.

@ We know greedy finds an v € Pr such that for any c,
cv = max(cx : x € Py), using aforementioned procedure.

Prof. Jeff Bilmes EE595A /Spr 2011 /Submodular Functions — Lecture 13 - May 13th, 2011 page 14
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Extreme points by greedy

Recall earlier theorem

If x is an extreme point of Pr and B C E is given such that
supp(x) C B C sat(x), then x is generated using greedy by some
ordering of A.

Proof.

@ We know greedy finds an v € Pr such that for any c,
cv = max(cx : x € Py), using aforementioned procedure.

@ We also saw that greedy finds an extreme point.
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Polymatroids
(NERA Y]

Extreme points by greedy

Recall earlier theorem

If x is an extreme point of Pr and B C E is given such that
supp(x) C B C sat(x), then x is generated using greedy by some
ordering of A.

Proof.

@ We know greedy finds an v € Pr such that for any c,
cv = max(cx : x € Py), using aforementioned procedure.

@ We also saw that greedy finds an extreme point.

@ Choose ¢ = 1,5p(x)-
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Polymatroids

Extreme points by greedy

Recall earlier theorem

If x is an extreme point of Pr and B C E is given such that

supp(x) C B C sat(x), then x is generated using greedy by some
ordering of A.

@ We know greedy finds an v € Pr such that for any c,
cv = max(cx : x € Py), using aforementioned procedure.

@ We also saw that greedy finds an extreme point.

@ Choose ¢ = 1,5p(x)- J
@ Then the greedy solution satisfies the same system of

inequalities/equalities that x satisfies.
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Outline

@ We're next going to study lattices and submodular functions.

@ In doing so, we'll better be able to understand certain properties of
polymatroidal extreme points and ultimately SFM.
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Lattices and Submodularity
1

Partially ordered set

@ A partially ordered set (poset) is a set of objects with an order.
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Lattices and Submodularity
1

Partially ordered set

@ A partially ordered set (poset) is a set of objects with an order.

@ Set of objects e and a binary relation < which can be read as “is
contained in" or “is part of” or “is less than or equal to".
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Lattices and Submodularity
1

Partially ordered set

@ A partially ordered set (poset) is a set of objects with an order.

@ Set of objects e and a binary relation < which can be read as “is
contained in" or “is part of” or “is less than or equal to".

@ For any x,y € V, we may ask is x < y which is either true or false.
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Lattices and Submodularity
1

Partially ordered set

@ A partially ordered set (poset) is a set of objects with an order.

@ Set of objects e and a binary relation < which can be read as “is
contained in" or “is part of” or “is less than or equal to".

@ For any x,y € V, we may ask is x < y which is either true or false.
@ In a poset, for any x,y,z € V the following conditions hold (by

definition):
For all x,x < x. (Reflexive) (P1.)
If x <yand y <x, thenx=1y (Antisymmetriy) (P2.)
If x <yandy <z then x < z. (Transitivity) (P3.)
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Lattices and Submodularity
1

Partially ordered set

@ A partially ordered set (poset) is a set of objects with an order.

@ Set of objects e and a binary relation < which can be read as “is
contained in" or “is part of” or “is less than or equal to".

@ For any x,y € V, we may ask is x < y which is either true or false.
@ In a poset, for any x,y,z € V the following conditions hold (by

definition):
For all x,x < x. (Reflexive) (P1.)
If x <yand y <x, thenx=1y (Antisymmetriy) (P2.)
If x <yandy <z then x < z. (Transitivity) (P3.)

@ We can use the above to get other operators as well such as “less
than” via x <X y and x # y implies x < y. Also, we get x > y if not
x 2y, etc. etc.
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Lattices and Submodularity
1

Partially ordered set

@ There exists only one (unique minimal) element x which satisfies
x %y for all y. Since if x Xy for all y and z < y for all y then
z % x and x <X z implying x = z. We can name this element 0
(zero). The dual maximal element is called 1.
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Lattices and Submodularity
1

Partially ordered set

@ There exists only one (unique minimal) element x which satisfies
x %y for all y. Since if x Xy for all y and z < y for all y then
z % x and x <X z implying x = z. We can name this element 0
(zero). The dual maximal element is called 1.

@ Given two elements, we need not have either x < y or y < x be
true, i.e., these elements might not be comparable. If for all
x,y € V we have x < y or y < x then the poset is totally ordered.
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Lattices and Submodularity
1

Partially ordered set

@ There exists only one (unique minimal) element x which satisfies
x %y for all y. Since if x Xy for all y and z < y for all y then
z % x and x <X z implying x = z. We can name this element 0
(zero). The dual maximal element is called 1.

@ Given two elements, we need not have either x < y or y < x be
true, i.e., these elements might not be comparable. If for all
x,y € V we have x < y or y < x then the poset is totally ordered.
@ We define a set of elements xi, x, ..., X, as a chain if
X1 =2 Xp = +-+ = X, which means x; < x» and x» < x3 and
... Xp—1 = Xp. While we normally thing of the elements of a chain as
distinct they need not be.
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Lattices and Submodularity
1

Partially ordered set

@ There exists only one (unique minimal) element x which satisfies
x %y for all y. Since if x Xy for all y and z < y for all y then
z % x and x <X z implying x = z. We can name this element 0
(zero). The dual maximal element is called 1.

@ Given two elements, we need not have either x < y or y < x be
true, i.e., these elements might not be comparable. If for all
x,y € V we have x < y or y < x then the poset is totally ordered.

@ We define a set of elements xi, x, ..., X, as a chain if
X1 =2 Xp = +-+ = X, which means x; < x» and x» < x3 and
... Xp—1 = Xp. While we normally thing of the elements of a chain as
distinct they need not be.

Example 4.1

Let V = Z™T be the set of positive integers and let x < y mean that x is
less than y in the usual sense. Then we have a poset that is actually
totall

oraered.
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Lattices and Submodularity
1

Partially ordered set

Example 4.2

Let V consist of all real single-valued functions f(x) defined on the
closed interval [—1,1], and let g < f mean that g(x) < f(x) for all
x € [-1,1]. Again poset, but not total order.
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Lattices and Submodularity
1

Partially ordered set

Example 4.2

Let V consist of all real single-valued functions f(x) defined on the
closed interval [—1,1], and let g < f mean that g(x) < f(x) for all
x € [-1,1]. Again poset, but not total order.

@ Any subset of a poset is a poset. If S C V than for x,y € S, x <y
is the same as taken from V/, but we just restrict the items to S.
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Lattices and Submodularity
1

Partially ordered set

Example 4.2

Let V consist of all real single-valued functions f(x) defined on the
closed interval [—1,1], and let g < f mean that g(x) < f(x) for all
x € [-1,1]. Again poset, but not total order.

@ Any subset of a poset is a poset. If S C V than for x,y € S, x <y
is the same as taken from V/, but we just restrict the items to S.

@ Any subset of a chain is a chain.

Prof. Jeff Bilmes EE595A /Spr 2011 /Submodular Functions — Lecture 13 - May 13th, 2011 page 16



Lattices and Submodularity
1

Partially ordered set

Example 4.2

Let V consist of all real single-valued functions f(x) defined on the
closed interval [—1,1], and let g < f mean that g(x) < f(x) for all
x € [-1,1]. Again poset, but not total order.

@ Any subset of a poset is a poset. If S C V than for x,y € S, x <y
is the same as taken from V/, but we just restrict the items to S.

@ Any subset of a chain is a chain.

@ Two posets V7 and V, are isomorphic if there is an isomorphism
between them (i.e., a 1-1 order preserving (isotone) function that
has an order preserving inverse). We write that two posets U and V
are isomorphic by U ~ V.
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Lattices and Submodularity
1

Partially ordered set

@ duality. The dual poset is formed by exchanging < with >. This is
called the converse of a partial ordering. The converse of a PO is
also a PO. We write the dual of V as V9. U and V are dually
isomorphic if U = V9 or equivalently V = U9. When U = U then
U is self-dual.
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Lattices and Submodularity
1

Partially ordered set

@ duality. The dual poset is formed by exchanging < with >. This is
called the converse of a partial ordering. The converse of a PO is
also a PO. We write the dual of V as V9. U and V are dually
isomorphic if U = V9 or equivalently V = U9. When U = U then
U is self-dual.

Example 4.3

The set U = 2F for some set E is a poset ordered by set inclusion. See
Figure (C). Note that this U is self-dual.
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Lattices and Submodularity
1

Partially ordered set

@ duality. The dual poset is formed by exchanging < with >. This is
called the converse of a partial ordering. The converse of a PO is
also a PO. We write the dual of V as V9. U and V are dually
isomorphic if U = V9 or equivalently V = U9. When U = U then
U is self-dual.

Example 4.3

The set U = 2F for some set E is a poset ordered by set inclusion. See
Figure (C). Note that this U is self-dual.

Example 4.4

Given an n-dimensional linear (Euclidean) space R". A subset of M C R"
is an affine set if (1 — A\)x + Ay € M whenever x,y € M and A € R. A
linear subspace of R” is an affine set that contains the origin. Subspaces
can be obtained via some A, b such that for every y € M, y = Ax + b for
some x € R".

The set of all linear subspaces of R" is a poset (ordered by inclusion),

=lala N9 elt-diig
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Lattices and Submodularity
1

Partially ordered set
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Lattices and Submodularity
1

Partially ordered set

fab,ct

w <§> 1
<P @ Q o

(H) O

@ cover y covers x if x < y and there exists no z such that
x < z < y. Note that the inequalities are strict here. We write
x C y if y covers x.
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Lattices and Submodularity
1

Partially ordered set

fab,ct

w <§>
<P @ Q: |

(H) O

[on

@ cover y covers x if x < y and there exists no z such that
x < z < y. Note that the inequalities are strict here. We write
x C y if y covers x.

o Hasse-diagram: We can draw a poset using a graph where each
x € Vis a node, and if x C y we draw y directly above x with a

connecting edge, but no other edges.
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Scratch Paper
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Scratch Paper
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Scratch Paper
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Summary
1

Sources for Today's Lecture

e J. Edmonds, “Submodular Functions, Matroids, and Certain
Polyhedra”, 1970.

@ Lovdsz, “Submodular Functions and Convexity", 1983.

@ Grabisch, Marichal, Mesiar, Pap, “Aggregation Functions”, 2009.

@ Bixby, Cunningham, Topkis, “The Partial Order of a Polymatroid
Extreme Point”, 1985.

@ L. Schrijver, “Combinatorial Optimization”, 2003.

@ Choquet, “Theory of capacities”, 1954.
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