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L}

Announcements

o Last lecture, and final presentations, will take place Thursday, June 9th,
from 3-7:30pm. The lecture will be from 3:00-5:00pm, and the final
presentations will be from 5:00-7:30pm. Please bring dinner.

e Today: short lecture (due to many deadlines this week).

s offu Jhun o vl DSopm
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Class Road Map

We need to find one makeup lecture this term.
@ L1 (3/30): @ L11 (5/6): On SFM, polymatroid
o L2 (4/1): member & greedy, Lovész ext.
o L3 (4/6): @ L12 (5/11): Lovasz ext. + polymatroid
props.
o L4 (4/8) .
@ L13 (5/13): More polymatroids, start
@ L5 (4/13): lattices
® L6 (4/15): L14 (5/18): lattices/submodular
@ L7 (4/20): L15 (5/20): lattices, — SFM.
® L8 (4/27): L16 (5/25): — SFM
@ L9 (4/29): ): dep/sat
) ):
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L20: (6/9): 3-7:30pm (EEB-303)?
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dep and partial order

@ We have
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Review
[ARRNRNAN!

dep and partial order

@ We have

If x € Pr is an extreme point, then =< is a partial order on sat(x) where for
a, e € sat(x), the order < is defined by: a < e iff a € dep(x, e).

A oxe P_(’ SH¥)<E
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Review
[ARRNRNAN!

dep and partial order

@ We have

If x € Pr is an extreme point, then =< is a partial order on sat(x) where for
a, e € sat(x), the order < is defined by: a < e iff a € dep(x, e).

@ In fact, we have a stronger result that extreme points are characterized
by this construct:
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Review
[NRRRENAN]

dep and partial order

@ We have

If x € Pr is an extreme point, then =< is a partial order on sat(x) where for
a, e € sat(x), the order < is defined by: a < e iff a € dep(x, e).

@ In fact, we have a stronger result that extreme points are characterized
by this construct:

x € Py is an extreme point, iff supp(x) C sat(x) and dep(x, a) # dep(x, b)
for every pair of distinct points a, b € sat(x).
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the partial order of extreme points

Theorem 2.3

Let x be an extreme point of Ps and < be its partial order. Let B C E be an
ordered set. Then B generates x using the greedy algorithm iff we have
supp(x) C B C sat(x) and B is compatible with <.

Corollary 2.4

If x is an extreme point of Pr and B C E is given such that

supp(x) C B C sat(x), then x is generated using greedy by some ordering of
B.
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Extreme point testing and partial order generation

input : Vector x € RE, polymatroid function f on E.

output: That x is not extreme point, or if it is, minimal tight sets dep(x, e)
for e € sat(x) thus defining <. Moreover, dep(x, ;) = A; for
1 <j < n where n = |sat(x)|.

j+<0;B+0;

while true do

Jj—Jj+1;

if Jec E\ B with x(B+e)=f(B+ e) then

L B+ B+e g« e.

else
L STOP, if supp(x) C B then x is extreme, otherwise not.

Ai+ B, k+j—1;
while X(Aj—ek):f(Aj—ek) and k > 0 do
| Aji=Aj—e; k k-1
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On Greedy, and linear programming max

Theorem 2.5

Let y € Pr be an extreme point, and let < be the partial order of y. Let
c € RE. Then, y Is the solution in:

cTy =max{cTx: x € Pr} (1)
iff the following three conditions hold:

(1) c(e) > 0 for every e € supp(y)
(2) c(e) <0 for every e € E \ sat(y), and
(3) Ford,e € sat(y) and d < e imply that c(d) > c(e).
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Another revealing theorem

Theorem 2.6

Let f be a polymatroid function and suppose that E can be partitioned into
(E1, Ea, ..., Ey) such that f(A) = X f(ANE;) for all AC E, and k is
maximum. Then the base polytope Bf = {x € Pr : x(E) = f(E)} (the
E-tight subset of Pr) has dimension |E| — k.

e Example f with independence between A = {e;, e3} and B = {e;}, i.e.,
e1ll {ep, e3}, with Bf marked in green.

e3

e2
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Base polytope existence and location

@ Given polymatroid function f, the base polytope
Br = {x e RE : x(A) < f(A) VA C E, and x(E) = f(E)} always
exists.
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Base polytope existence and location

@ Given polymatroid function f, the base polytope
Br = {x e RE : x(A) < f(A) VA C E, and x(E) = f(E)} always
exists.

@ For any A C E, we have

Br N {x € RE : x(A) = f(A)} £0 2)
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Base polytope existence and location

@ Given polymatroid function f, the base polytope
Br = {x e RE : x(A) < f(A) VA C E, and x(E) = f(E)} always
exists.

@ For any A C E, we have

Br N {x € RE : x(A) = f(A)} £0 2)

@ In words, By intersects all “multi-axis orthogonal” subsets of Rf.
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Not polymatroidal polytopes
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— SFM on arbitrary submodular g: transformation

@ Given any arbitrary submodular function g with the goal of finding
A* € argmincg g(A)
@ We reduce this to:

A* e a;ggrr;in(f(A) - m(A)) (3)

where

o f is a polymatroid function on 2F
o mis a modular function on 25" with m € R .
e E' CE.

@ In the sequel, we assume this form, with ground set E.

@ Moreover, we may assume that Py is a polymatroidal polytope, with
Pr C Rf_.
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A characterization of the optimality of the SFM problem

@ We proved in Lecture 7 (and again, in Lecture 11) the following
theorem:
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A characterization of the optimality of the SFM problem

@ We proved in Lecture 7 (and again, in Lecture 11) the following
theorem:

Let f be a polymatroid function defined on subsets of E. For any x € RE,
then u

max(y(E):y < x,y € Pr) =min(f(A) +x(E\ A): ACE) (4)
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A characterization of the optimality of the SFM problem

@ We proved in Lecture 7 (and again, in Lecture 11) the following
theorem:

Let f be a polymatroid function defined on subsets of E. For any x € RE,
then u

max(y(E):y < x,y € Pr) =min(f(A) +x(E\ A): ACE) (4)

@ Thus, this can act as a certificate of optimality for any submodular
function minimization problem on g even if g is not polymatroidal.
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A characterization of the optimality of the SFM problem

@ We proved in Lecture 7 (and again, in Lecture 11) the following
theorem:

Let f be a polymatroid function defined on subsets of E. For any x € RE,
then u

max(y(E):y < x,y € Pr) =min(f(A) +x(E\ A): ACE) (4)

@ Thus, this can act as a certificate of optimality for any submodular
function minimization problem on g even if g is not polymatroidal.

@ We need only find a feasible y on the max (left) side, and an A* on the
min (right) side that achieves equality, then A* is a SFM solution in
A* € argmin g g(A) where x is the aforementioned modular function,
and f(A) = g(A) + m(A) — g(0).

Prof. Jeff Bilmes EE595A /Spr 2011 /Submodular Functions — Lecture 18 - June 1st, 2011 page 12



— SFM
[ARRRNRRN!

Maximizing y

@ The nature of SFM will be very similar to the Edmonds’s matroid
partition problem (recall, asking if E can be partitioned into {/;} each
independent in a matroid M;) and the core algorithm is very similar.
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— SFM
[ARRRNRRN!

Maximizing y

@ The nature of SFM will be very similar to the Edmonds’s matroid
partition problem (recall, asking if E can be partitioned into {/;} each
independent in a matroid M;) and the core algorithm is very similar.

@ Now, from convex polytope theory, any x € Pr can be represented as a
convex combination of at most |E| + 1 extreme points of Pr (each of
which may be generated by greedy).
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— SFM
[ARRRNRRN!

Maximizing y

@ The nature of SFM will be very similar to the Edmonds’s matroid
partition problem (recall, asking if E can be partitioned into {/;} each
independent in a matroid M;) and the core algorithm is very similar.

@ Now, from convex polytope theory, any x € Pr can be represented as a
convex combination of at most |E| + 1 extreme points of Pr (each of
which may be generated by greedy).

@ We keep a feasible solution to the max version of the problem as a
convex combination of such extreme points.
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@ The nature of SFM will be very similar to the Edmonds’s matroid

— SFM
[ARRRNRRN!

Maximizing y

partition problem (recall, asking if E can be partitioned into {/;} each
independent in a matroid M;) and the core algorithm is very similar.
Now, from convex polytope theory, any x € Pr can be represented as a
convex combination of at most |E| + 1 extreme points of Pr (each of
which may be generated by greedy).

We keep a feasible solution to the max version of the problem as a
convex combination of such extreme points.

That is, let / be an index set, and x(!) be an extreme point of Py for

i € 1. We then keep y as
iel
where \; are convex coefficients.
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— SFM
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Maximizing y

@ The nature of SFM will be very similar to the Edmonds’s matroid
partition problem (recall, asking if E can be partitioned into {/;} each
independent in a matroid M;) and the core algorithm is very similar.

@ Now, from convex polytope theory, any x € Pr can be represented as a
convex combination of at most |E| + 1 extreme points of Pr (each of
which may be generated by greedy).

@ We keep a feasible solution to the max version of the problem as a
convex combination of such extreme points.

e That is, let / be an index set, and x() be an extreme point of Py for

i € 1. We then keep y as
y = Z Aix() (5)
i€l
where \; are convex coefficients.
@ At each step of the algorithm, we either find a larger y, or demonstrate
y's optimality by finding a minimizing A.
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— SFM
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Maximizing y

@ The nature of SFM will be very similar to the Edmonds’s matroid
partition problem (recall, asking if E can be partitioned into {/;} each
independent in a matroid M;) and the core algorithm is very similar.

@ Now, from convex polytope theory, any x € Pr can be represented as a
convex combination of at most |E| + 1 extreme points of Pr (each of
which may be generated by greedy).

@ We keep a feasible solution to the max version of the problem as a
convex combination of such extreme points.

e That is, let / be an index set, and x() be an extreme point of Py for

i € 1. We then keep y as
y=_ Aixt) (5)
icl
where \; are convex coefficients.
@ At each step of the algorithm, we either find a larger y, or demonstrate
y's optimality by finding a minimizing A.
e Start with y =0, / = {1}, Ay = 1, and v(1) = 0.
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Saturation Capacity

@ For x € Pr, and e € E, consider finding

max{a:aeR,x—i—aleEPf}:o? (6)
_ ] ¢
- -
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— SFM
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Saturation Capacity

@ For x € Pr, and e € E, consider finding
max{a:a € R, x+ al. € Pr} (6)
@ lIdentical to:
max{a : (x + al.)(A) < f(A),YA D {e}} (7)
since B C E such that e ¢ B have the same value

(B =xB. ] (B)oo # e ¢/
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— SFM
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Saturation Capacity

@ For x € Pr, and e € E, consider finding

@ Identical to:

max{a:a € R, x+ al. € Pr}

max{a : (x + al.)(A) < f(A),YA D {e}}

since B C E such that e ¢ B have the same value

(x + ale)(B) = x(B).
@ Again identical to:

or

Prof. Jeff Bilmes

o (1) =

max{a: x(A) + a < f(A),YA D {e}}

max{a:a < f(A) — x(A),YA D {e}}

EE595A /Spr 2011 /Submodular Functions — Lecture 18 - June 1st, 2011
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— SFM
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Saturation Capacity

@ For x € Pr, and e € E, consider finding
max{a:a € R, x+ al. € Pr} (6)
@ lIdentical to:
max {a : (x + ale)(A) < f(A),YA D {e}} /AT,
since B C E such that e ¢ B have the same value ‘ i
(x + ale)(B) = x(B).
@ Again identical to:
max {a : x(A) + a < f(A),VAD {e}}

max {a : a < f(A) — x(A),VA D {e}} (9)
@ This max is achieved when
a = 2&(x;e) & min {f(A) — x(A), VA D {e}} (10)
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— SFM
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Saturation Capacity

@ For x € Pr, and e € E, consider finding
max{a:a € R, x+ al. € Pr} (6)
o Identical to:
max{a : (x + al.)(A) < f(A),YA D {e}} (7)
since B C E such that e ¢ B have the same value
(x + ale)(B) = x(B).
@ Again identical to:

max {a : x(A) + a < f(A),VAD {e}} (8)
or
max {a : a < f(A) — x(A),VA D {e}} (9)
@ This max is achieved when
a = 2&(x;e) & min {f(A) — x(A), VA D {e}} (10)
@ &(x;e) is known as the saturation capacity associated with x € P and
e.
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Saturation Capacity

@ Thus we have for x € Py,
&(x;€) © min {f(A) — x(A), VA 2 {e}} (11)
=max{a:a € R ,x+al. € Pr} (12)
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Saturation Capacity

@ Thus we have for x € Py,
¢(x; e) 4 min {f(A) — x(A),VYA D {e}} (11)
=max{a:a € R ,x+al. € Pr} (12)
e We immediately see that for e € E \ sat(x), we have that &(x;e) > 0.
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Saturation Capacity

@ Thus we have for x € Py,
¢(x; e) 4 min {f(A) — x(A),VYA D {e}} (11)
=max{a:a € R ,x+al. € Pr} (12)
e We immediately see that for e € E \ sat(x), we have that &(x;e) > 0.

@ Also, for e € sat(x), we have that ¢(x; e) = 0.
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Saturation Capacity

@ Thus we have for x € P,
&(x; e) & min {f(A) — x(A),VA D {e}} (11)
=max{a:a € R ,x+al. € Pr} (12)
e We immediately see that for e € E \ sat(x), we have that &(x;e) > 0.
@ Also, for e € sat(x), we have that ¢(x; e) = 0.

e Note that any « with 0 < o < &(x; e) we have x + al. € Ps.
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Saturation Capacity

@ Thus we have for x € P,
&(x; e) & min {f(A) — x(A),VA D {e}} (11)
=max{a:a € R ,x+al. € Pr} (12)
e We immediately see that for e € E \ sat(x), we have that &(x;e) > 0.
@ Also, for e € sat(x), we have that ¢(x; e) = 0.
o Note that any o with 0 < v < &(x; e) we have x + al. € Pr.

e We also see that computing &(x; e) is a form of submodular function
minimization. ‘
—_ e

—_—
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Exchange Capacity
o Now consider x € Pf, e € sat(x) and €’ € dep(x, e) \ {e}

Prof. Jeff Bilmes EE595A /Spr 2011 /Submodular Functions — Lecture 18 - June 1st, 2011 page 15



— SFM
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Exchange Capacity
o Now consider x € Pf, e € sat(x) and €’ € dep(x, e) \ {e}

o recall that dep(x, e) \ {e} is tight for e € sat(x), so x(e’) > 0 for
e’ € dep(x, e) \ {e}.
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Exchange Capacity

o Now consider x € Pf, e € sat(x) and €’ € dep(x, e) \ {e}

o recall that dep(x, e) \ {e} is tight for e € sat(x), so x(e’) > 0 for
e’ € dep(x, e) \ {e}.

@ Thus, for any a > 0, we have x + al. ¢ Pr.
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Exchange Capacity

o Now consider x € Pf, e € sat(x) and €’ € dep(x, e) \ {e}

o recall that dep(x, e) \ {e} is tight for e € sat(x), so x(e’) > 0 for
e’ € dep(x, e) \ {e}.

@ Thus, for any a > 0, we have x + al. ¢ Pr.

o Consider A 4ot CM@ /
max{a:a € R, x+ a(le — 1o) € Pr} (13)
e
R A
C 1
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Exchange Capacity

o Now consider x € Pf, e € sat(x) and €’ € dep(x, e) \ {e}

o recall that dep(x, e) \ {e} is tight for e € sat(x), so x(e’) > 0 for
e’ € dep(x, e) \ {e}.

@ Thus, for any a > 0, we have x + al. ¢ Pr.

o Consider
max{a:a € R, x+a(le — 1) € Pr} (13)
@ Identical to:
max{a:a € R, (x+ a(le — 1+))(A) < f(A),VA} (14)
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Exchange Capacity

o Now consider x € Pf, e € sat(x) and €’ € dep(x, e) \ {e}

o recall that dep(x, e) \ {e} is tight for e € sat(x), so x(e’) > 0 for
e’ € dep(x, e) \ {e}.

@ Thus, for any a > 0, we have x + al. ¢ Pr.

o Consider
max{a:a € R, x+a(le — 1) € Pr} (13)
@ Identical to:
max{a:a € R, (x+ a(le — 1+))(A) < f(A),VA} (14)
o Note that if both e, e’ € A, then a(1. — 1)(A) = 0 for any «, so to
make this meaningful, we take A: e’ ¢ A D {e}, thus identical to
max {a: a € R, (x + a(le — 1o))(A) < f(A),VA D {e}, € ¢ A} (15)

4. Q@A} e’ {74
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Exchange Capacity

o Now consider x € Pf, e € sat(x) and €’ € dep(x, e) \ {e}

o recall that dep(x, e) \ {e} is tight for e € sat(x), so x(e’) > 0 for
e’ € dep(x, e) \ {e}.

@ Thus, for any a > 0, we have x + al. ¢ Pr.

o Consider
max{a:a € R, x+a(le — 1) € Pr} (13)
@ Identical to:
max{a:a € R, (x+ a(le — 1+))(A) < f(A),VA} (14)
o Note that if both e, e’ € A, then a(1. — 1)(A) = 0 for any «, so to
make this meaningful, we take A: e’ ¢ A D {e}, thus identical to
max {a: a € R, (x + a(le — 1o))(A) < f(A),VA D {e}, € ¢ A} (15)
Which is identical to:
max{a:a € R,a(le — 1))(A) < f(A) — x(A),VA D {e}, e ¢ A}
) (16)
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Exchange Capacity
@ In such case, we get 1(A) = 0, thus above identical to
max{a:a € R,al.(A) < f(A) — x(A),VAD {e},e' ¢ A}  (17)

} \
*7e 54 ¢! 4{74/ 161(4):07

e st geed, T,(4)=)
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Exchange Capacity
@ In such case, we get 1./(A) = 0, thus above identical to
max{a:a € R,al.(A) < f(A) — x(A),VAD {e},e' ¢ A}  (17)
@ Restating, we've got
max {a: o € R, < f(A) — x(A),VA D {e}, €' ¢ A} (18)
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— SFM
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Exchange Capacity
@ In such case, we get 1./(A) = 0, thus above identical to
max{a:a € R,al.(A) < f(A) — x(A),VAD {e},e' ¢ A}  (17)
@ Restating, we've got
max {a: o € R, < f(A) — x(A),VA D {e}, €' ¢ A} (18)
@ This max is achieved when
a=2(x;e €)% min {f(A) — x(A),VA D {e}, ¢ ¢ A} (19)
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— SFM

Exchange Capacity
@ In such case, we get 1(A) = 0, thus above identical to
max{a:a € R,al.(A) < f(A) — x(A),VAD {e},e' ¢ A}  (17)
@ Restating, we've got
max {a: o € R, < f(A) — x(A),VA D {e}, €' ¢ A} (18)
@ This max is achieved when
a=2(x;e €)% min {f(A) — x(A),VA D {e}, ¢ ¢ A} (19)
@ &(x;e,€') is known as the exchange capacity associated with x € P
and e.

vt ede! A sl Kok M gpuir
UWittn puik 20, din e b ofon ehiynspint
v+ Cree)(1,-%,)
CKC il (4) 5 s b Fom 3 SFM
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Exchange Capacity
@ In such case, we get 1./(A) = 0, thus above identical to
max{a:a € R,al.(A) < f(A) — x(A),VAD {e},e' ¢ A}  (17)
@ Restating, we've got
max {a: o € R, < f(A) — x(A),VA D {e}, €' ¢ A} (18)
@ This max is achieved when
a=2(x;e €)% min {f(A) — x(A),VA D {e}, ¢ ¢ A} (19)
@ &(x;e,€') is known as the exchange capacity associated with x € P
and e.
e For any o with 0 < av < &(x; e, €’), we have that x + a(1. — 1) € Ps.

R A
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dep revisited

@ Given x € Py, recall distributive lattice of tight sets
D(x) ={A: x(A) = f(A)}
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dep revisited

@ Given x € Py, recall distributive lattice of tight sets
D(x) ={A: x(A) = f(A)}

@ We had that sat(x) = |J{A: A€ D(x)} is the “1" element of this
lattice.
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dep revisited

@ Given x € Py, recall distributive lattice of tight sets
D(x) ={A: x(A) = f(A)}

@ We had that sat(x) = |J{A: A€ D(x)} is the “1" element of this
lattice.

o Consider the “0" element of D(x), i.e., dry(x) -y N{A: AeD(x)}
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dep revisited

@ Given x € Py, recall distributive lattice of tight sets
D(x) = {A: x(A) = f(A)}

@ We had that sat(x) = |J{A: A€ D(x)} is the “1" element of this
lattice.

o Consider the “0" element of D(x), i.e., dry(x) -y N{A: AeD(x)}

@ We can see dry(x) as the elements that are necessary for tightness.
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dep revisited

@ Given x € Py, recall distributive lattice of tight sets
D(x) ={A: x(A) = f(A)}

@ We had that sat(x) = |J{A: A€ D(x)} is the “1" element of this
lattice.

o Consider the “0" element of D(x), i.e., dry(x) -y N{A: AeD(x)}
@ We can see dry(x) as the elements that are necessary for tightness.
@ That is, we can view dry(x) as 'ﬁk Xélp_p

dry(x) = {€' : x (A),VAZ €'} (20)

Prof. Jeff Bilmes EE595A /Spr 2011 /Submodular Functions — Lecture 18 - June 1st, 2011 page 16


jab
Pencil


— SFM
(RRERRRRN

dep revisited

@ Given x € Py, recall distributive lattice of tight sets

D(x) = {A: x(A) = F(A)}

We had that sat(x) = (J{A: A€ D(x)} is the "1" element of this
lattice.

Consider the “0" element of D(x), i.e., dry(x) % N{A: A € D(x)}

We can see dry(x) as the elements that are necessary for tightness.

That is, we can view dry(x) as
dry(x) = {€' : x (A),VAZ €'} (20)
Perhaps, then, a better name for dry is nsat( ), for the necessary for

tightness. (4[#- msh) D tonily, x, 0(r7 ) = seth)= %

Sedlx)= £2,8438
J"‘/ (x) =
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dep revisited

Given x € Py, recall distributive lattice of tight sets

D(x) ={A: x(A) = f(A)}

We had that sat(x) = (J{A: A€ D(x)} is the "1" element of this
lattice.

Consider the “0" element of D(x), i.e., dry(x) % N{A: A € D(x)}
We can see dry(x) as the elements that are necessary for tightness.
That is, we can view dry(x) as

dry(x) = {€' : x (A),VAZ €'} (20)
Perhaps, then, a better name for dry is nsat(x), for the necessary for
tightness.

This can be read as, for any €’ € dry(x), any set that does not contain
e’ is not tight for x.
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dep revisited

@ Now, given x € Pf, and e € sat(x), recall distributive lattice of
e-containing tight sets D(x,e) = {A: e € A x(A) = f(A)}
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dep revisited

@ Now, given x € Pf, and e € sat(x), recall distributive lattice of
e-containing tight sets D(x,e) = {A: e € A x(A) = f(A)}

@ We can deffine the “1" element of this lattice as
sat(x,e) ¥ (J{A: A D(x,e)l}.
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dep revisited

@ Now, given x € Pf, and e € sat(x), recall distributive lattice of
e-containing tight sets D(x,e) = {A: e € A x(A) = f(A)}

@ We can define the “1” element of this lattice as
sat(x,e) & J{A: A c D(x,e)}.

° Analogously we can define the “0" element of this lattice as

dry(x,€) L {A: A D(x,e)).=dtr (5 ,2)
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dep revisited

@ Now, given x € Py, and e € sat(x), recall distributive lattice of
e-containing tight sets D(x,e) = {A: e € A, x(A) = f(A)}

@ We can define the “1" element of this lattice as
sat(x,e) & J{A: A c D(x,e)}.

@ Analogously, we can define the “0" element of this lattice as
dry(x, &) ' N{A: AeD(x,e)}.

@ We can see dry(x, e) as the elements that are necessary for e-containing
tightness, with e € sat(x).
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dep revisited

Now, given x € Pr, and e € sat(x), recall distributive lattice of
e-containing tight sets D(x,e) = {A: e € A, x(A) = f(A)}

We can define the “1” element of this lattice as

sat(x,e) & J{A: A c D(x,e)}.

Analogously, we can define the “0" element of this lattice as

dry(x, &) ' N{A: AeD(x,e)}.

We can see dry(x, e) as the elements that are necessary for e-containing
tightness, with e € sat(x).

That is, we can view dry(x, e) as
dry(x,e) = {€' : x (A),VAZ €, ec A} (21)
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dep revisited

Now, given x € Pr, and e € sat(x), recall distributive lattice of
e-containing tight sets D(x,e) = {A: e € A, x(A) = f(A)}
We can define the “1” element of this lattice as
sat(x,e) & J{A: A c D(x,e)}.
Analogously, we can define the “0" element of this lattice as
dry(x, &) ' N{A: AeD(x,e)}.
We can see dry(x, e) as the elements that are necessary for e-containing
tightness, with e € sat(x).
That is, we can view dry(x, e) as

dry(x,e) = {€' : x(A) < f(A),VAZ €, e € A} (21)
This can be read as, for any €’ € dry( X, ), any e-containing set that
does not contain €’ is not tight for x.

Prof. Jeff Bilmes EE595A /Spr 2011 /Submodular Functions — Lecture 18 - June 1st, 2011 page 16



— SFM
(RRERRRRN

dep revisited

Now, given x € Pr, and e € sat(x), recall distributive lattice of
e-containing tight sets D(x,e) = {A: e € A, x(A) = f(A)}

We can define the “1” element of this lattice as

sat(x,e) & J{A: A c D(x,e)}.

Analogously, we can define the “0" element of this lattice as

dry(x, &) ' N{A: AeD(x,e)}.

We can see dry(x, e) as the elements that are necessary for e-containing
tightness, with e € sat(x).

That is, we can view dry(x, e) as

dnlye) = dry(x, e) ={e :x (A),VAZ €, ec A} (21)
This can be read as, for any €’ € dry( X, ), any e-containing set that
does not contain €’ is not tight for x.

Notice also that dry(x, e) = dep(x, e).
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dep revisited

@ Now, we have the following equalities for dep(x, e):
dep(x,e) = {e : x(A) < f(A),VAZ ' e € A} 22)

(
={e¢' :Ja >0, st. a < f(A) —x(A),VAZ &', e € A} (23)
={e :Ja >0, s.t. al.(A) < f(A) — x(A),VA Z €, e € A} (24)

—{¢':3a >0, s.t. a(1.(A) — 1.(A)) < f(A) — x(A), YA Z &, e € A}
(25)

= {30 >0, s.t. x(A) + a(1e(A) — 1(A)) < f(A),YAF &, e € A}
¥(26)
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dep revisited

@ Now, we have the following equalities for dep(x, e):

dep(x,e) = {e : x(A) < f(A),VAZ ' e € A} (22)
{e':3a >0, st. a < f(A) — x(A),VAZ &', e € A} (23)
{e : Ja >0, s.t. al(A) < f(A) — x(A),VAZ €, e € A} (24)
(¢ :3a >0, st. a(La(A) — 1..(A)) < F(A) — x(A),VA % ¢, e € A}
(25)
{130 >0, st. x(A) + a(Le(A) — 1. (A) < F(A),VA # &, e € A}
(26)

@ Now, 1.(A) — 1 (A) =0 if either {e, e’} C A, or {e,e'} NA=10.
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dep revisited

@ Now, we have the following equalities for dep(x, e):

dep(x,e) = {e' : x(A) < f(A),VAZ €', e € A} (22)
={e:Fa>0, st. a < f(A)—x(A),VAZ e ec A} (23)
={e :Ja >0, s.t. al.(A) < f(A) — x(A),VA Z €, e € A} (24)
— {1 Ta >0, st a(le(A) = 1o(A)) < F(A) — x(A), VA F ¢, e € A}

(25)
—{¢':3a >0, st. x(A) + o(Le(A) — 1.(A)) < F(A),VA F ¢, e € A}
(26)
@ Now, 1.(A) — 1o(A) = 0 if either {e, e’} C A, or {e, e} NA=1.
o Also, if ¢ € Abut e ¢ A, then
x(A) + a(1e(A) — 1(A)) = x(A) — a < f(A) since x € Pr. 4
o ¥

0 | {rvidly €0 cine L L/F(ﬁl'
14’ X 6@’ 1 y(/( . °(Svk'/|-
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dep revisited

@ thus, we get the same in the above if we remove the constraint
AZ e ec A that is we get
dep(x,e) = {€' : Ja > 0, s.t. x(A) + a(1e(A) — 1o (A)) < f(A VA}
@ This is then identical to
dep(x,e) = {€ : Ja >0, s.t. x + a(le — 1) € Pr} (28)

/ 02—\, i)
doy(ye)=se
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dep and sat

The following picture summarizes the relationships.
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From vertex to vertex

e We will need to move from one extreme point to another (adjacent)
extreme point, and will use an augmenting path like approach to do so.

@ How do we characterize such adjacent extreme points?
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From vertex to vertex

Theorem 3.1

Let x be an extreme point of Pr, and let =X be its partial order. Then, each
of the following three operations will yield a new extreme point w:
(a) Let a,b € E and a cover b relative to <, so b [C a. Let

w = x + al, — alp with a = f(dep(x, a) — b) — x(dep(x, a) — b).
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From vertex to vertex

Theorem 3.1

Let x be an extreme point of Pr, and let =X be its partial order. Then, each
of the following three operations will yield a new extreme point w:
(a) Let a,b € E and a cover b relative to <, so b [C a. Let
w = x + al, — alp with a = f(dep(x, a) — b) — x(dep(x, a) — b).
(b) Let a € E \ sat(x), and let w = x + al, where
a = f(sat(x) + a) — f(sat(x)).
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From vertex to vertex

Theorem 3.1

Let x be an extreme point of Pr, and let =X be its partial order. Then, each
of the following three operations will yield a new extreme point w:

(a) Let a,b € E and a cover b relative to <, so b [C a. Let

w = x + al, — alp with a = f(dep(x, a) — b) — x(dep(x, a) — b).
(b) Let a € E \ sat(x), and let w = x + al, where

a = f(sat(x) + a) — f(sat(x)).
(c) Let a € supp(x) be maximal (w.r.t. <), and let w = x — x(a)1,.
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From Vertex to Vertex

e For (a), let x be generated by E; = (e, €,...,k_1,b,a, €k12,...,€)
and consider generating w with an order with a and b swapped, i.e.,
E,/ - (ela €,...,6k-1,4, b7 €k+42,5 -+, ei)
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From Vertex to Vertex

e For (a), let x be generated by E; = (e, €,...,k_1,b,a, €k12,...,€)
and consider generating w with an order with a and b swapped, i.e.,
E'=(e1,e,...,66-1,a

@ Then

) (29)
)= Y —f(e1,...,ex—1,b) (30)
w(ex) = f(e €1y ..., €k—1) (31)

) (32)

(e1,...,€k—1,a)
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From Vertex to Vertex

e For (a), let x be generated by E; = (e, €,...,k_1,b,a, €k12,...,€)
and consider generating w with an order with a and b swapped, i.e.,
E' = (e1,e,... 661

@ Then
x(ek) = f(el,...,ek_l) (29)
x(ex+1)="f ,a)—f(et,...,ek—1,b) (30)
w(ex) = f —f(er,...,ek-1) (31)
w(ekt1) fer,...,ek—1,a) (32)
e Also, (w — x)(e) = and

T (w—x)(ex) = f(ex,...,ex 1,a) — f(e1,..., ek, b) (33)
(w—x)(ekt1) = f(e1,...,ek—1,b) — f(e1,..., e, a) (34)

(\n/"k)(e/‘h\'): F(%’ eh/-l, ‘/'7,6,4#2)
— (e D
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From Vertex to Vertex

e For (a), let x be generated by E; = (e, €,...,k_1,b,a, €k12,...,€)
and consider generating w with an order with a and b swapped, i.e.,
E' = (e1,€,...,6k-1,a,b,exs2,...,6€)

@ Then

x(ex) = f( ,€k—1) (29)
x(exs1) = f( 1,---,€k—-1,b) (30)
w(ex) = f(er, ey €k—1) (31)
w(ext1) = f( (e1,-..,€k—1,a) (32)
e Also, (w — x)(e) =0 for

(w — x)(ex) €1,..., €k b) (33)
(W—X)(ek+1): f e1,...,ek_1,b)—f(el,...,ek,a) (34)

e So with a = f(ey,...,ex_1,a) — f(e1,..., ek, b) we have

w=x+a(l,—1p) (35)
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Br dominates

Let x € Pr and let T = sat(x). Then there exists y € B such that y > x
with y(e) = x(e) fore € T.

@ Consider a form of the greedy procedure, where we update x
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Br dominates

Let x € Pr and let T = sat(x). Then there exists y € B such that y > x
with y(e) = x(e) fore € T.

@ Consider a form of the greedy procedure, where we update x
o lterate the following procedure, for any e ¢ sat(x)

x%x—i—&(x;e)i

. (36)
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Br dominates

Let x € Pr and let T = sat(x). Then there exists y € B such that y > x
with y(e) = x(e) fore € T.

@ Consider a form of the greedy procedure, where we update x
o lterate the following procedure, for any e ¢ sat(x)

X x+¢&(x;e) (36)
o Thus, after x update, e, we still have x € Pr.
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Br dominates

Let x € Pr and let T = sat(x). Then there exists y € B such that y > x
with y(e) = x(e) fore € T.

@ Consider a form of the greedy procedure, where we update x

o lterate the following procedure, for any e ¢ sat(x) P
x < x + &(x; e)ﬂc ¢ b)) 7 0(36)

@ Thus, after x update, e, we still have x € Pr. ve ¢y

@ Moreover, at each update there is a set S, that achieves the min in the
min form of c(x; e). This set S is tight for the new x and remains tight
for all subsequent iterations.
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Br dominates

Let x € Pr and let T = sat(x). Then there exists y € B such that y > x
with y(e) = x(e) fore € T.

@ Consider a form of the greedy procedure, where we update x

o lterate the following procedure, for any e ¢ sat(x)
X x+¢&(x;e) (36)
o Thus, after x update, e, we still have x € Pr.

@ Moreover, at each update there is a set S, that achieves the min in the
min form of c(x; e). This set S is tight for the new x and remains tight
for all subsequent iterations.

@ Eventually we stop, and since E = T U UengSe is the union of tight
sets (for x), we see that the resulting x has x € By.
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Scratch Paper
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Summary
1

Sources for Today's Lecture

@ Bixby, Cunningham, Topkis, " The Partial Order of a Polymatroid
Extreme Point”, 1985.

@ J. Edmonds, “Submodular Functions, Matroids, and Certain
Polyhedra”, 1970.

@ Lovész, “Submodular Functions and Convexity”, 1983.
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