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Announcements

o Weekly Office Hours: Wednesdays, 12:30-1:30pm, 10 minutes after
class on Wednesdays.
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Scratch Paper
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Review
[NERN

Submodular Definitions

Definition (submodular)

A function f : 2Y — R is submodular if for any A, B C V, we have that:

f(A)+f(B) > f(AUB)+ f(AN B) (1)

An alternate and equivalent definition is:

Definition (diminishing returns)

A function f : 2¥ — R is submodular if for any ACBC V, and
v € V\ B, we have that: - =

F(AU{v}) — f(A) = f(BU{v}) - f(B) (2)

This means that the incremental “value”, “gain”, or “cost” of v
decreases (diminishes) as the context in which v is considered grows
from A to B.
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Ground set: E or V?

Submodular functions are functions defined on subsets of some finite set,
called the ground set .

@ It is common in the literature to use either E or V as the ground set.
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Review

Ground set: E or V?

A,b}c SE
YL £ >y

Submodular functions are functions defined on subsets of some finite set,
called the ground set .

@ It is common in the literature to use either E or V as the ground set.
@ We will follow this inconsistency in the literature and will

inconsistently use either E or V as our ground set (hopefully not in
the same equation, if so, please point this out).
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(NR RN

Notation RE

€-10nl)- f/,L/_)"]g

RE={x=(x €R:jcE)} (3)

RE = {x=(x:j€E): x>0} 4)

Any vector x € RE can be treated as a modular function, and vice versa.
That is

x(A) = Zxa AcCE (5)

acA : 1/
= 4 §)="° e
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Other Notation: indicator vectors of sets

Given an A C E, define the vector 14 € R_’i to be

140j) = {(1) ij ; N (6)

Sometimes this will be written as x4 = 14.
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Other Notation: indicator vectors of sets

Given an A C E, define the vector 14 € R_’i to be

140j) = {(1) ij ; N (6)

Sometimes this will be written as x4 = 14.
Thus, given modular function x € RE, we can write x(A) in a variety of
ways, i.e.,
y
x(A)=x-1a=> x(R) (7)

i€eA
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Other Notation: singletons and sets

When A is a set and k is a singleton (a ggip@#wa single item), the union
is properly written as AU {k}, but sometimes | will write just A + k.

—_
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More Sub Funcs
[NERRNRRRNRRY]

Summing Submodular Functions

Given E, let fi, f» : 2F — R be two submodular functions. Then
f:2E - R with f(A) = A(A) + f(A) (8)

is submodular. This follows easily since

f(A) + f(B) = i(A) + f2(A) + Ai(B) + f(B) (9)
> fA(AUB)+ Hh(AUB)+ A(ANB)+ H(ANB) (10)
=f(AUB)+ f(ANB). (11)

l.e., it holds for each component ?)f fin eaﬁ; term in the inequality.
] OAVEX fombtston wli= o po.
] ), dy 2D

(p\ﬁ"( ";Lﬁ) - dl ‘FI(A)+ 4141(/”
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More Sub Funcs
[LERRRRRNAREY!

Summing Submodular and Modular Functions

Given E, let fi, m : 2E 3 R be a submodular and a modular function.
Then - m! = -m

f:2F = R with f(A) = 1(A) — m(A) (12)

is submodular (as is f(A) = fi(A) + m(A)). This follows easily since

f(A) + f(B) = fi(A) — m(A) + (B) — m(B) (13)
> hHA(AUB)—m(AUB)+ A(ANB)—m(ANB) (14)
=f(AUB)+f(ANB). (15)

That is, the modular component with
m(A) + m(B) = m(AU B) + m(AN B) never destroys the inequality.
Note of course that if m is modular than so is —m.
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More Sub Funcs
(NLRNRRNNAREY!

Restricting Submodular Functions

Given E, let f : 2E — R be a submodular functions. And let S C E be
an arbitrary set. then

fkd 1 2F R with f(A)=f(ANS) (16)

is submodular.

Given é\_g gg E \ v, consider
f(A+v)NS)—f(ANS) > f((B+v)NnS)—f(BNYS) (17)

If v ¢ S, then both differences on each size are zero. If v € S, then we
can consider this

FIA +v) — F(A) > f(B +v) — f(B) (18)

with A = ANS and B'=BNS. Since A/ C B, this holds due to
submodularity of f. Ol
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More Sub Funcs
(NRE ARRNNAREY!

Summing Restricted Submodular Functions

Given E, let fi, f» : 2E — R be two submodular functions and let Si, S»
be two arbitrary fixed sets. Then

f:2F 5 R with f(A) = A(ANS) + H(AN S) (19)

is submodular. This follows easily from the preceding two results.
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More Sub Funcs
(NRE ARRNNAREY!

Summing Restricted Submodular Functions

fe

Given E, let C = {C;, G, ..., Cx} be a set of subsets of E, and for each
Cel, let fc: 2E 5 R be a submodular function. Then

f:2F = Rwith f(A) =) fc(ANC) (19)
ceC

is submodular. This property is critical for image processing and
graphical models.

vx c
—
C = Lo(?n ot some a,J»;

() A exe( - £(X)) ; '(") ’e‘;(xu %)
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More Sub Funcs

Given V, let c € R% be a given fixed vector. Then
f:2Y = R where f(A) = rjneaj G (20)

is submodular.

C.\)\ﬁ.ffd(/\',

max ¢; + max ¢ > max_¢j + max ¢ (21)
JEA jEB JjEAUB JEANB

which follows since we have that

max(max c¢c;, maxc;) = max C - 22
X(je/{( J’jeBX J) jeAUXB )| ( )
and
min(max ¢;, max ¢;) > max ¢; 23
! (jeAX J’jeBX J)*jeAri(B 4 ( )
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More Sub Funcs
(NRRNR ARNRAREY!

Facility Location

Given V,E, let c € ]R;;XE be a given |V/| x |E| ngtppreiggine matrix.
Then

f:2F 5 R, where f(A Zmaxcu (24)
IEV

a
is submodular. This is ##¢ facility location function.

We can write f(A) as f(A) = >\, fi(A) where f;(A) = maxjca ¢j is
submodular (max of a i*" row vector), so f can be written as a sum of
submodular functions. O
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More Sub Funcs
(NRRNRI ARAREY!

Facility/Plant Location

@ Facility Location is a core problem in operations research and a
strong motivation for submodular functions. Key goal is to place
“facilities” to supply demand sites as efficiently as possible.

@ Let E be a set of possible factory/plant locations, and V is a set of
sites needing to be serviced (e.g., cities).

o Let ¢jj be the “benefit” (e.g., 1/cj is the cost) of servicing city i
with plant j.

o Let m:2F — RE be a plant construction modular function (vector).
E.g., 1/m; is the cost to build a plant at location j.

@ Each city needs to be serviced by only one plant but no less than
one.

o Define f(A) is the ofgfpym “delivery benefit” plus “construction
benefit” when the plants in set A are considered to be constructed.

o We can define f(A) = m(A) + > _;cy Maxjea Cjj.

@ Goal is to find a set A that maximizes f(A) (the benefit) placing a
bound on the number of plants A (e.g., |A| < k).
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More Sub Funcs
[NRRNRRY NRREY!

Log Determinant

Let X be an n x n positive séfffirdefinite matrix. Let

V ={1,2,...,n} = [n] be an index set, and for A C V, let X4 be the
(square) submatrix of X obtained by including only entries in the
rows/columns given by A.

Then:

f(A) = logdet(X4) is submodular. (25)
(1ot 8 sy . Ahe ciom

cém 4 well )

Suppose x € R" is multivariate Gaussian, that is

1

1 _
K P = e (—2(x C)TE e u)) (26)
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More Sub Funcs
[NRRNRRY NRREY!

Log Determinant

f(A) = logdet(X4) is submodular. (25)

Then the (differential) entropy of the r.v. X is given by

h(X) =gylog v/ |2meX| = log \/(2me)" | X| (26)

and in particular, for a variable subset A,

f(A) = h(Xa) = log \/(2me)lAl| X 4| (27)
Entropy is submodular (conditioning reduces entropy), and moreover

F(A) = h(Xa) = m(A) +l;gog ] (28)

where m(A) is a modular function. O
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More Sub Funcs
(NERRRRNR ARAY

Concave over non-negative modular

Let m e R_’:; be a modular function, and g a concave function over R.
Define f : 2F - R as

f(A) = g(m(A)) 0

then f is submodular.

Proof.

Given AC BC E\ v, we have 0 < a= m(A) < b= m(B), and
0 < ¢ =m(v). For g concave, we have
gla+c)—g(a) > g(b+ c) — g(b), and thus

g(m(A) + m(v)) — g(m(A)) > g(m(B) + m(v)) — g(m(B))  (29)

Ol

The converse is true as well. Exercise: prove this.
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More Sub Funcs
(NERNRRNNE AN

Monotone difference of two functions

Let f and G both be submodular functions on subsets of V and let

(f — g)(+) be either monotone increasing or monotone decreasing. Then
h:2Y — R defined by

h(A) = min(f(A), g(A)) (30)

is submodular.

Proof

If h(A) agrees with either f or g on both X and Y/, the result follows
since

)+ f(y) > min(F(X U Y), g(X U Y)) + min(F(X N Y), g(X N Y))

Qm) +h tv) (1)
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More Sub Funcs
(NERNRRNNE AN

Monotone difference of two functions

Let f and G both be submodular functions on subsets of V' and let
(f — g)(+) be either monotone increasing or monotone decreasing. Then

h:2Y — R defined by
h(A) = min(f(A), g(A)) (30)
is submodular.

...cont.
Otherwise, w.l.o.g., h(X) = f(X) and h(Y) = g(Y), giving

h(X)+h(Y)=Ff(X)+g(Y)>Ff(XUY)+f(XNY)+g(Y)—-1(Y)

G 0-F0) 2 50r) ~£(4r) e
By monotonicity, f(X U Y) + g(Y) —f(Y) > g(XUY) giving
= e

h(X) + h(Y) > g(w) >hXUY)+hXNY) (32)
'S

Ol
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More Sub Funcs

Let f : 2¥ — R be an increasing or decreasing submodular function and
let k be a constant. then the function h: 2 — R defined by

h(A) = min(k, f(A)) L7 (33)

is submodular.

For constant k, we have that (f — k) is increasing (or decreasing) so this
follows from the previous result.

Note also, g(a) = min(k, a) for constant k is a concave function, so we
can use the earlier result about composing a concave function with a
submodular function to get this result as well. [

Prof. Jeff Bilmes EE595A /Spr 2011/Submodular Functions — Lecture 2 - April 1st, 2011 page 21


jab
Pencil

jab
Pencil

jab
Pencil


More Sub Funcs
(NRRRRRNNART Y

More on Min

Cidunk AN
vt T

In general, the minimum of two submodular functions is not submodular.
However, when wishing to maximize two monotone non-decreasing
submodular functions, we can define function h:2Y — R as

1,
h(A) = E(mm(k, )+ min(k, g)) (34)

then h is submodular, and h(A) > k if and only if both f(A) > k and

g(A) = k.
We plan to revisit this again later in the quarter.
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More Sub Funcs
[NERRRRNRRRN] ]

Arbitrary functions as a difference between submodular

functions

Given an arbitrary set function f, it can be represented as a difference

between two submodular functions f = g — h where both g and h are
submodular.

Define
ol min E(X) L A(Y) = FXUY) = f(XN v):] (35)

If & > 0 then f is submodular, so by assumption o < 0. Now let h be an
arbitrary submodular function and define (alo pronpnddrtation 1339)

W e WE,(X) +h(Y) = h(XUY)—hXn Y)l (36)

7.0
(b Ve ”MAJIW*

If B =0 then take it to be the smallest positive difference. =/ N"’(::Mj.‘-.

Prof. Jeff Bilmes
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More Sub Funcs
[NERRRRNRRRN] ]

Arbitrary functions as a difference between submodular

functions

Given an arbitrary set function f, it can be represented as a difference

between two submodular functions f = g — h where both g and h are
submodular. —

Define ' : 2V - R as

Lha (35)
—

Then f’ is submodular, and f = f/(A) — |%'h(A), a difference between
two submodular functions as desired.

FI(A) = F(A) +
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page 23


jab
Pencil

jab
Pencil

jab
Pencil


Eq Defs
[NRRRERNRNAT]

Submodular Definitions

Definition (submodular)

A function f : 2Y — R is submodular if for any A, B C V, we have that:

f(A)+f(B) > f(AUB)+ f(AN B) (1)

An alternate and equivalent definition is:

Definition (diminishing returns)

A function f : 2¥ — R is submodular if for any ACBC V, and
v € V'\ B, we have that:

F(AU{v}) = f(A) = f(BU{v}) - f(B) (2)

This means that the incremental “value”, “gain”, or “cost” of v
decreases (diminishes) as the context in which v is considered grows
from A to B.
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Eq Defs

Submodular Definitions

An alternate and equivalent definition is:

Definition (group diminishing returns)

A function f : 2¥ — R is submodular if for any AC B C V, and
C C V'\ B, we have that:

f(AU C) — f(A) > f(BU C) — f(B) (36)

This means that the incremental “value” or “gain” of set C decreases as
the context in which v is considered grows from A to B (diminishing
returns)
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Eq Defs
[NLRRNRRNARY]

Submodular Definitions

Proposition

group diminishing returns implies diminishing returns

Obvious, set C = {v}.
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Eq Defs
[NLRRNRRNARY]

Submodular Definitions

Proposition

diminishing returns implies group diminishing returns

Let C ={c,c,...,ck}. Then diminishing returns implies yields

f(AUC) - f(A) - — (37)
k—1
F(AU C) Z(f(AU {et, .. 6}) = F(AU{a,...,a})) = F(A) (38)

- — —_—

:Zf(AU{cl...c,-})—f(AU{cl.‘.c,-,l}) = 76((/“,53_(. §3
i=1 7 1 19
;#Zf(BU{q...c;})—f(BU{cl...c,-_l})__ ’Z‘(cq‘ (6Ufc, -r‘(i(,)z/

=f(BUC) - (f(Bu {c1,...,a}) - f(BU{a,.. .,c,-})) —f(B) (41
= f(BUC) — £(B) (42)
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Eq Defs
[ARE NRRRNARY]

Submodular Definitions are equivalent

Proposition

The two aforementioned definitions of submodularity submodular and
diminishing returns are identical. o
G
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Eq Defs
[ARE NRRRNARY]

Submodular Definitions are equivalent

Proof.

Assume submodular. Assume A C B as otherwise trivial.
Let B\ A= {vi,va,..., vk} and define A" = AU {v;...v;}, so A" = A
Then by submodular, /‘}ﬁ-— A

FIA"+ v) + F(A + vig1) = F(A" + v+ vig1) + F(A) (43)

— ——

Arvrt

FIA +v) — F(A) > F(A" + vigg +v) — F(A 4 viy1) (44)

N
we apply this inductively, and use A’ ’ AN

. g [ i
f(A:+1 + v) . f(A'+1) _ f(A’ + Vi1 + v) — f(A’ =+ Vi+1) (45)

and that A1 + v, = B.
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Eq Defs
[ANRY NRRNARY]

Submodular Definitions are equivalent

Assume group diminishing returns. Assume A # B otherwise trivial.
Define A =ANB, C=A\B, and B' = B. Then

f(A+C)—f(A)>f(B '+ C)—f(B) (46)
giving
f(A'+ C)+ f(B') > f(B'+ C) + f(A) (47)

f(ANB+A\B)+f(B)>f(B+A\B)+f(ANB) (48)
which is the same as

f(A)+f(B) > f(AUB)+ f(ANB) (49)
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Eq Defs
[ENRNT RRNARY]

Submodular Definitions

Definition (singleton)

A function f : 2Y — R is submodular if for any A C V, and any
a,be V\ A, we have that:

F(AU{a}) + F(AU{b}) > F(AU {a,b}) + f(A) (50)

This follows immediately from diminishing returns. To achieve
diminishing returns, assume A C B with B\ A= {b1, bo, ..., bx}. Then

f(A+a)—f(A) > f(A+ b1+ a)—f(A+ b1) (51)
> f(A+ b+ by+a)— f(A+ by + bo) (52)
> ... (53)
> f(A+by+-+bc+a)— f(A+ b+ + by)
(54)
=f(B+a)—f(B) (55)
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Eq Defs
[ENRNNT RNARY]

It is often the case that we wish to express the gain of an item j € V in
some context, say A, namely f(AU {j}) — f(A). This is used so often,

that there are equally as many wa € this. l.e.,
FAU{}) — F(A) £ pi(A) (56)
£ pali) (57)
27y G HOslg) (s8)
£ £(j14) (59)

We'll use either p;(A) or f(j|A). Note, diminishing returns can now be
stated as saying that p;(A) is a monotone non-increasing function of A,
since p;(A) > pj(B) whenever B D A.
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Eq Defs
[ENRNNRY NARY]

Equivalent Definitions of Submodularity

f(A)+f(B) > f(AUB) + f(ANB), YA,BC E (60)
pi(S) > pi(T),VSC T CE, withje E\T (61)
pi(S) = pi(SU{k}), VS C E with j € E\ (SU{k}) (62)
(T <FS)+ 3 mS) =3 p(SUT — {71, ¥8, T C E.‘)Z
S S T JET\S JES\T 4 U“T"U
Z _{ gvrl BT (63),,
F(T)<FS)+ > pi(S), VSCTCE (64) _/
JET\S @
F(T)<F(S)+ D pi(S\{j}), VTCSCE (65)
JES\T
FT)<SFS) = > pi(S\LUH+ D p(SNT)VS, TCE
JES\T €T\S
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Eq Defs
[ENRNNRNE AR

Equivalent Definitions of Submodularity

We've already seen that Eq. 60 = Eq. 61 = Eq. 62. We next show that
Eq. 62 = Eq. 63 = Eq. 64 = Eq. 62.
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Eq Defs
[ENRNNRNNE NN

Eq. 62 = Eq. 63

Let T\S={n,....jrtand S\ T = {ki,... kq}.
First Ut ggwﬁ,( T /a cntr ot S

F(SUT)—f(S Z[f SU{jt- e} = F(SU - Je-1})] (67)
= ZPJ}(S Uit ode-1}) £ 3 pilS) (68)
t=1 t=1

JET\S
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Eq Defs
[ENRNNRNNE NN

Eq. 62 = Eq. 63

Let T\S={j1,....jr} and S\ T = {ku, ..., kg}.

Next, wa%éou'\/l S L Coutwt o1 T
fF(SUT)—f(T Z[f TU{k,..., })—f(TU{kl,...,kt_l})]
—
(67)
q T q Yo
::Ezph({giﬁg;;Lﬁi\{kﬁ)EiE:Ph(TLJS\{kJ]
t=1 t=1 (68)
= > p(SUT\{}) (69)

JES\T
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Eq Defs
[ENRNNRNNE NN

Eq. 62 = Eq. 63

Let T\S={j1,....jr} and S\ T = {ku, ..., kg}.

So we have
LoZ
/ W F(SUT)=F(S) < Y pilS) (67)
JET\S

and \701"1\
v .
/ FSUT)—F(T)= 3 p(SUT\ L) (68)
JES\T

and subtracting the 2nd from the first gives the result.

(6§)L¢7)
HA)- 4l 2
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Eq Defs
[ENRNNRNNAY N

Eq. 63 = Eq. 64

This follows immediately since if S C T, then S\ T = (), and the last
term of Eq. 63 vanishes.
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Eq. 64 = Eq. 62

Here, we set T = SU{j, k}, j ¢ SU{k} into Eq. 64 to obtain

F(SU{, k})%f(5)+pj( 5) + ri(S) (69

)
=f(S)+F(S+{}) - f(S) +f(S+{k}) - f(5) (70)
= f(S+{j}) +(S+{k}) - £(5) (71)
= pj SW + f(S + {k}) (72)
giving

pi(SULKY) = F(SUL,kY) —F(SU{kY) (13
— F(SU{, kD) — pk(S)—F(S) V (74)
< pi(S) (75)
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Summary
1

Sources for Today's Lecture

Lovasz-1983, Nemhauser,Wjlsey,Fisher-1978, Narayanan-1997, and
Narasimhan,Bilmes-2005.
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