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Announcements

o Weekly Office Hours: Wednesdays, 12:30-1:30pm, 10 minutes after
class on Wednesdays.

e Today: Matroids
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Review
1

@ Submodular functions have their roots in matroid theory and in
lattice theory.

@ We'll spend the next few lectures reviewing key concepts from these
areas.
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matrices, and independence in linear space

Consider the following 3 x 8 matrix.

4 5 6 1 2 3 4 5 6 7 38

8
1
4 - X1 X2 X3 X4 X5 X X7 X8
5

e
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w N =

1 2
0 2
0 0

w O =

@ Obviously, the rank of the matrix can’'t be more than 3, and
considering the first three columns we see the rank is 3.

@ Some vectors are linearly dependent on others. l.e. m
X5 = 2x3 — 2Xx1, Xg = Xg — 4x0 — X1. & ‘{/\’_5,\-,,) ™M dl{)mm+

@ While other vectors are linearly independent. E.g., {X4,X5,x6}
{xa,x7,x3}, etc.
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matrices, and independence in linear space

1 23 45678 1 2 3 4 5 6 7 8

1/0 0112131 R Y I N

20 1 1 0 2 0 2 4| = X] Xo X3 X4 X5 Xe X7 Xg

3\1 1.1 00 315 R N I R

AR Y B _ (2)
o [— |

@ The rank function indicates the number of linearly independent
column vectors given a set of column vectors.

o Consider the column index set V = {1,2,...,8}. Then any subset
A C V corresponds to a set of column vectors.

@ We can define the rank function on subsets of V - the rank function
of A is the number of linearly independent column vectors within A.

e E.g, rank({4,5,6}) = rank({4,7,8}) = rank({1,2,3}) = 3 while
rank{1,2} = rank({1,4,6}) = 2.
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Independence
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matrices, and independence in linear space

1
0
0
1

1 2 3 4 5 6 7 8
e

X1 X2 X3 X4 X5 X X7 X8

e
(3)

@ In general, rank(A) < |A|, and vectors in A are linearly independent
if and only if rank(A) = |A|.

e If A, B are such that rank(A) = |A| and rank(B) = |B|, with
|A| < |B|, then the space spanned by B is greater, and we can find a
vector in B that is linearly independent of the space spanned by
vectors in A.

@ In other words, 3 an b € B such that rank(AU {b}) = |A| + 1.

w N =

= = O N
R R R W
O O = b
SO NN NN O
w O = O
= N W N
(& B GRS C

Il
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Prof. Jeff Bilmes EE595A /Spr 2011/Submodular Functions — Lecture 3 - April 6th, 2011 page 7


jab
Pencil

jab
Pencil


Independence
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Spanning trees

e We are given a graph G = (V/, E), and consider the edges
E = E(G) as an index set.
o Consider the incidence matrix of (undirected graph) G, which is the

matrix MG = (@v.e)vev(G),ecE(G) Where
1 ifv =
av,e — { . ce C "Vt) (4)
0 ifvde
1 2 3 45 6 7 8 9 10 11 12
1/1 1 0 0 0 0 O0O0OO0O O O O
211 0 1. 01 0000 0O O0 O
3{[0 101 01 000 O0OC O O
410 0 1 1. 0 01 1.0 0 O O
510 0 0O 00O 10 O0OO0OT1T O O
6/]0 0 000 OO11 O0 1 O
710 0 0 01 01 01 0 0 1
8\0 000OOOOOO 1T 1 1

—~
(S2]
~

Prof. Jeff Bilmes EE595A /Spr 2011/Submodular Functions — Lecture 3 - April 6th, 2011 page 8


jab
Pencil

jab
Pencil

jab
Pencil


Independence
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Spanning trees

@ We can consider edge-induced subgraphs and the corresponding
matrix columns.

OO O OO0 HKFE =
—
(o))
~

O~NOOTPA~WN -

Here, rank({x1}) = 1.
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Independence

Spanning trees

@ We can consider edge-induced subgraphs and the corresponding
matrix columns.

cNeoNeoNoNeoNall ) .
[cNeoNeoNeoNeol el ¢
—~~
\‘

SN—r

O~NOOT A~ WN -

Here, rank({x1, x2}) = 2.
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Independence

Spanning trees

@ We can consider edge-induced subgraphs and the corresponding
matrix columns.

cNeoNeolNoNeNaol -
OO O OO, OF, N
OO OO OO W

—~~

[e0)

N

O ~NOOT D WN

Here, rank({x1, x2,x3}) = 3.
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Independence

Spanning trees

@ We can consider edge-induced subgraphs and the corresponding
matrix columns.

cNeoNeolNoNeNel
OO OO OoOHHrOFL N
OO OO HH OO W
O OO0 O0O+=HO O

—~~

(o)

N

O~NO O~ WN -

Here, rank({x1, x2, x3,x5}) = 4.
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Independence

Spanning trees

@ We can consider edge-induced subgraphs and the corresponding
matrix columns.

1 2 3 45
1/1 1 0 00
211 01 0 1
3101 010
410 0 1 1 0
510 0 0 0 O (10)
6/]0 0 0 0 O
7{0 0 0 0 1
8\0 0 0 0 O

Here, rank({x1, x2, x3, x4, x5 }) = 4.
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Independence

Spanning trees

@ We can consider edge-induced subgraphs and the corresponding
matrix columns.

(11)

cNeoNeolNoNeNel
OO OO OoOHHrOFL N
OO OO HH OO W
cocococooRrRrEH,HOO M

O~NO O~ WN -

Here, rank({x1, x2, x3,xa}) = 3 since xa = x3 + xo — x1.
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L

Spanning trees

@ In general, whenever the edges specify a cycle, there will be a linear
dependence between the corresponding set of vectors in the matrix.

@ This means that all forests in the graph correspond to a set of
linearly independent column vectors in the matrix.

@ Consider a “rank” function defined as follows: given a set of edges
A C E(G), the rank(A) is the size of the largest forest in the

/- edge-induced subgraph of G.

@ The rank of the entire graph then is then a spanning forest of the
graph (spanning tree if the graph is connected).

@ The rank of the graph is rank(G) = |V/| — k where k is the number
of connected components of G.

A(&)
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Spanning Tree Algorithms

Covnci<d
e We are now given a positive edge-weighted graph G = (V, E, w)
where w : E — R is a modular function the edges of the graph.
The goal is to find the minimum spanning tree (MST) of the graph.

@ There are several algorithms for this.

Algorithm 1: Boriivka's Algorithm

F+«0; 5 ((,')
while F is disconnected do -
L forall the components C; of F do

L F < FU{ej} for ef = the min-weight edge out of C;;

/}- (5 & frm

= e welﬂf
Cost ()= &C%f (e) ) % C/‘?
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Spanning Tree Algorithms

e We are now given a positive edge-weighted graph G = (V, E, w)
where w : E — R, is a modular function the edges of the graph.
The goal is to find the minimum spanning tree (MST) of the graph.

@ There are several algorithms for this.

Algorithm 2: Jarnik/Prim/Dijkstra Algorithm

T+ 0;
while T is not a spanning tree do
T+ TuU{e} for e =
L the minimum weight edge extending the tree T to a new vertex ;
/_\/
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Spanning Tree Algorithms

e We are now given a positive edge-weighted graph G = (V, E, w)
where w : E — R, is a modular function the edges of the graph.
The goal is to find the minimum spanning tree (MST) of the graph.

@ There are several algorithms for this.

Algorithm 3: Kruskal's Algorithm
Sort the edges so that w(e1) < w(e) < -+ < w(enm) ;
T« (V(G),0)=(V,E) ;
for i=1to mdo

if E(T)U{ei} does not create a cycle in T then
L | E(T) <« E(T)u{e};
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Independence
(NNAN |

Spanning Tree Algorithms

e We are now given a positive edge-weighted graph G = (V, E, w)
where w : E — R, is a modular function the edges of the graph.
The goal is to find the minimum spanning tree (MST) of the graph.

@ There are several algorithms for this.

@ These three algorithms are all guaranteed to find the optimal
minimum spanning tree in (low order) polynomial time.

@ All these algorithms are related to the “greedy” algorithm. l.e., “add
next whatever looks best". N

@ These algorithms will also always find a basis (a set of linearly
independent vectors that span the underlying space) in the matrix
example we saw earlier.

@ The above are all examples of a matroid, which is the fundamental
reason why the greedy algorithms work:
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Matroids
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Matroid

@ Matroids abstract the notion of linear independence of a set of
vectors to general algebraic properties.

@ In a matroid, there is an underlying ground set, say E (or V), and a
collection of subsets of E that correspond to independent elements.

@ There are many definitions of matroids that are mathematically
equivalent, we'll see some of them here.
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Matroids
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Independence System

€=§123%8 =350, b, 8,8 §12 ‘,ég
) /

Definition 4.1 (set system)

A (finite) ground set E and a set of subsets of E, () 7& T C 2F is called a
set system, notated (E,Z).

Definition 4.2 (independence system)

A set system (E,Z) is an independenee system if
DeZ (11) |~

VlieZ,JC|= JeTZ (called “down monotone” or “down closed”)
1)
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Independence System

1
0
0
1

1 2 3 4 5 6 7 8
e

X] Xo X3 Xa Xs X X7 Xg
I
(12)

@ Given any set of linearly independent vectors A, any subset B C A
will also be linearly independent.

w NN =

= = O N
R R R W
O O = pH
O NN O
wWw O = O
= N W N
g N R

Il

@ Given any forest Gy that is an edge-induced sub-graph of a graph G,
any sub-graph of Gr is also a forest.

@ So these both constitute independence systems.
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Matroid

l“ Jé’r) 9 N Ssenh +o44a,|,. ”:wa Py

Independent set definition of a matroid is perhaps most natural.

Definition 4.3 (Matroid)

A set system (E,Z) is a Matroid if

(1) ez (olopdy g AT
(2)VieZ,Jcl=JeI

(13) VI,J € Z, with || = |J] 4+ 1, then there exists x €
9%+ such thatJU{x} €T

T
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Matroids
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Matroid

Slight modification (non unit increment) that is equivalent.

Definition 4.4 (Matroid-11)

A set system (E,Z) is a Matroid if
(11 0eZ
(12)yVvlieZ,JCcl=Jel

(13") VI,J € Z, with |/| > |J|, then there exists x €
msuch thatyUu {x} €7

=

Note (11)=(I1"), (12)=(12"), and we get (13)=(13") using induction.
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matrices, and independence in linear space

1
0
0
1

1 2 3 4 5 6 7 8
e

X1 X2 X3 X4 X5 X X7 X8

ot
(13)

[ = ®)
— o = W
o o ~ »
o NN o
w o = o
=N W N
(€, T N ')
Il

@ In general, rank(A) < |A|, and vectors in A are linearly independent
if and only if rank(A) = |A|.

e If A, B are such that rank(A) = |A| and rank(B) = |B|, with
|A| < |B|, then the space spanned by B is greater, and we can find a
vector in B that is linearly independent of the space spanned by
vectors in A.

@ In other words, 3 an b € B such that rank(AU {b}) = |A| + 1.
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Matroids

e Given a matroid M = (E,Z), a subset A C E is called independent
if A€ Z and otherwise A is called dependent.

@ For U C E, a subset B C U is called a base of U if B is
inclusionwise maximally independent subset of U. Thatis, B € Z
and thereisno Z € Z with BC Z C U.

o If U= E, then a "base of E" is just called a base of the matroid M
(this corresponds to a basis in a linear space).
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Matroids

Proposition 4.5
For any U C E(M), any two bases of U have the same size. Cz3)

@ In matrix terms, given a set of vectors U, all sets of independent
vectors that span the space spanned by U have the same size.

e In fact, under (11),(12), this condition is equivalent to (I13). Exercise:
show this

@ The common size of all the bases of U is called the rank of U,
denoted ry(U) or just r(U) when the matroid in equation is
unambiguous.

o r(E) = r(g 1) is the rank of the matrix, and is the common size of
all the bases of the matroid.
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Matroids -rank

We can a bit more formally define the rank function this way.

Definition 4.6

The rank of a matroid is a function r : 2F — 7Z,defined by
r(A) = max {|X] :XQA,)?E 7} (14)

e From the above, we immediately see that r(A) < |A|.

@ Moreover, if r(A) = |A|, then A € Z, meaning A is independent.
(fb"" {I“ I\)
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Matroids-rank

The rank function of a matroid is submodular, that is
r(A)+r(B) > r(AuB)+r(ANB)

@ Let X € 7 be an inclusionwise maximal set with X C AN B
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Matroids-rank

The rank function of a matroid is submodular, that is
r(A)+r(B) > r(AuB)+r(ANB)

@ Let X € 7 be an inclusionwise maximal set with X C AN B

e
@ Let Y € 7 be inclusionwise maximal V\tith XCYCAUB.
~_

OJ
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Matroids-rank

The rank function of a matroid is submodular, that is
r(A)+r(B) > r(AuB)+r(ANB)

@ Let X € 7 be an inclusionwise maximal set with X C AN B
@ Let Y € 7 be inclusionwise maximal with X C Y C AU B.

@ Since M is a matroid, we know that r(AN B) = r(X) = |X|, and
r(AUB) =r(Y)=1Y|. Also, for any U € Z, r(A) > |AN U|.
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Matroids-rank

The rank function of a matroid is submodular, that is
r(A)+r(B) > r(AuB)+r(ANB)

@ Let X € 7 be an inclusionwise maximal set with X C AN B

@ Let Y € 7 be inclusionwise maximal with X C Y C AU B.

@ Since M is a matroid, we know that r(AN B) = r(X) = |X|, and
r(AUB) =r(Y)=1Y|. Also, forany U € Z, r(A) > |AN U|.«

@ Then we have
r(A)+r(B) > |YNAl+|YNB]| (15)
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Matroids-rank

Lemma 4.7

The rank function of a matroid is submodular, that is
r(A)+r(B) > r(AuB)+r(ANB)

@ Let X € 7 be an inclusionwise maximal set with X C AN B

@ Let Y € 7 be inclusionwise maximal with X C Y C AU B.

@ Since M is a matroid, we know that r(AN B) = r(X) = |X|, and
r(AUB) =r(Y)=1Y|. Also, for any U € Z, r(A) > |AN U|.

@ Then we have

r(A)+r(B) > |YNAl+|YNB]| (15)
=|YN(ANB)|+|YN (A& B)| (16)
O
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Matroids-rank

The rank function of a matroid is submodular, that is
r(A)+r(B) > r(AuB)+r(ANB)

@ Let X € 7 be an inclusionwise maximal set with X C AN B

@ Let Y € 7 be inclusionwise maximal with X C Y C AU B.

@ Since M is a matroid, we know that r(AN B) = r(X) = |X|, and
r(AUB) =r(Y)=1Y|. Also, for any U € Z, r(A) > |AN U|.

@ Then we have

r(A)+r(B) > |YNAl+|YNB]| y (15)
=|YN(ANB)|+|YN (A& B)| (16)
> |X|+|Y|=r(AnB)+r(AUB) J/ (17)

OJ
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Matroids

In fact, we can use the rank of a matroid for its definition.

Theorem 4.8 (Matroid from rank)

Let E be a set and let r : 2 — 7, be a function. Then r(-) defines a
matroid with r being its rank function if and only if for all A, B C E:
(R1) YAC E 0 < r(A) < |A] (non-negative cardinality bounded)
(R2) r(A) < r(B) whenever AC B C E (monotone non-decreasing)
(R3) r(AUB) +r(ANB) < r(A)+ r(B) forall A, B C E (submodular)

@ So submodularity and non-negative monotone non-decreasing, and
unit increase is necessary and sufficient to define the matroid.

e Given above, unit increment (if r(A) = k, then either
r(Au{v})=korr(AU{v}) =k +1) holds.
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Matroids

In fact, we can use the rank of a matroid for its definition.

Theorem 4.8 (Matroid from rank)

Let E be a set and let r : 2 — 7., be a function. Then r(-) defines a
matroid with r being its rank function if and only if for all A, B C E:

(R1) VAC E 0<r(A) < |A| (non-negative cardinality bounded)
(R2) r(A) < r(B) whenever A C B C E (monotone non-decreasing)
(R3) r(AuB)+r(ANB) < r(A) + r(B) forall A,B C E (submodular)

e From above, r()) = 0. Let v ¢ A, then by monotonicity and
submodularity, r(A) < r(AU{v}) < r(A) + r({v}) which gives only
two possible values to r(AU {v}).
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Matroids from rank

Proof of Theorem 4.8 (matroid from rank).

@ Given a matroid M = (E,Z), we see its rank function as defined in
Eq. 14 satisfies (R1), (R2), and, as we saw in Lemma 4.7, (R3) too.
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Matroids from rank

Proof of Theorem 4.8 (matroid from rank).

@ Given a matroid M = (E,Z), we see its rank function as defined in
Eq. 14 satisfies (R1), (R2), and, as we saw in Lemma 4.7, (R3) too.

@ Next, assume we have (R1), (R2), and (R3). Define
Z={XCE:r(X)=|X|}. We will show that (E,Z) is a matroid.
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Matroids
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Matroids from rank

Proof of Theorem 4.8 (matroid from rank).

@ Given a matroid M = (E,Z), we see its rank function as defined in
Eq. 14 satisfies (R1), (R2), and, as we saw in Lemma 4.7, (R3) too.

@ Next, assume we have (R1), (R2), and (R3). Define
Z={XCE:r(X)=|X|}. We will show that (E,Z) is a matroid.
o First, ) € Z.
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Matroids from rank

Proof of Theorem 4.8 (matroid from rank).

@ Given a matroid M = (E,Z), we see its rank function as defined in
Eq. 14 satisfies (R1), (R2), and, as we saw in Lemma 4.7, (R3) too.

@ Next, assume we have (R1), (R2), and (R3). Define
Z={XCE:r(X)=|X|}. We will show that (E,Z) is a matroid.

o First, ) € Z.

@ Also, if Y € Z and X C Y then by submodularity,
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Matroids from rank

Proof of Theorem 4.8 (matroid from rank).

@ Given a matroid M = (E,Z), we see its rank function as defined in
Eq. 14 satisfies (R1), (R2), and, as we saw in Lemma 4.7, (R3) too.

@ Next, assume we have (R1), (R2), and (R3). Define
Z={XCE:r(X)=|X|}. We will show that (E,Z) is a matroid.

e First, ) € T. XYl <
@ Also, if Y € Z and X C Y then by submodularity, - /

H(X) > r(Y) = r(Y\ X) (18)
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Matroids from rank

Proof of Theorem 4.8 (matroid from rank).

@ Given a matroid M = (E,Z), we see its rank function as defined in
Eq. 14 satisfies (R1), (R2), and, as we saw in Lemma 4.7, (R3) too.

@ Next, assume we have (R1), (R2), and (R3). Define
Z={XCE:r(X)=|X|}. We will show that (E,Z) is a matroid.

e First, ) € Z.
@ Also, if Y € Z and X C Y then by submodularity,
r(X) = r(Y) = r(Y\ X) (18)
> Y=Y\ X| (19)
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Matroids from rank

Proof of Theorem 4.8 (matroid from rank).

@ Given a matroid M = (E,Z), we see its rank function as defined in
Eq. 14 satisfies (R1), (R2), and, as we saw in Lemma 4.7, (R3) too.

@ Next, assume we have (R1), (R2), and (R3). Define
Z={XCE:r(X)=|X|}. We will show that (E,Z) is a matroid.

e First, ) € 7.
@ Also, if Y € Z and X C Y then by submodularity,
r(X) = r(Y) = r(Y\ X) (18)
> Y=Y\ X]| (19)
= |X| (20)

D) r()f):/)(/

and thus X € 7.
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Matroids from rank

Proof of Theorem 4.8 (matroid from rank) cont.

o Let A,B € Z, with |A| < |B
B\ A= {by,by,...,by}.

, so r(A) =|A| < r(B)=|B|. Let
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Matroids from rank

Proof of Theorem 4.8 (matroid from rank) cont.

o Let A, B € Z, with |A] < |B|, so r(A) = |A| < r(B) = |B|. Let
B\ A= {b1,by,..., bk} -~

@ Suppose, to the contrary, that Vb € B\ A, r(A+ b) ¢ Z, which
means for all such b, r(A+ b) = r(A) = |A|. Then
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Matroids from rank

Proof of Theorem 4.8 (matroid from rank) cont.

o Let A, B € Z, with |A] < |B|, so r(A) = |A| < r(B) = |B|. Let
B\ A= {b1,by,..., bk}
@ Suppose, to the contrary, that Vb € B\ A, r(A+ b) ¢ Z, which
means for all such b, r(A+ b) = r(A) = |A|. Then
r(B) < r(AUB) (21)
[]
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Matroids from rank

Proof of Theorem 4.8 (matroid from rank) cont.

o Let A, B € Z, with |A] < |B|, so r(A) = |A| < r(B) = |B|. Let
B\ A= {b1,by,..., bk}

@ Suppose, to the contrary, that Vb € B\ A, r(A+ b) ¢ Z, which
means for all such b, r(A+ b) = r(A) = |A|. Then

r(B) <r(AuUB) (21)
< r(AU(B\{b1})) + r(AU{b1}) — r(A) (22)
. —— )
rGev) .qf(xmj 2 rix +r(v)k Z
XN Y:4
xvy= Avb -
L]
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Matroids from rank

Proof of Theorem 4.8 (matroid from rank) cont.

o Let A, B € Z, with |A] < |B|, so r(A) = |A| < r(B) = |B|. Let
B\ A= {b1,by,..., bk}

@ Suppose, to the contrary, that Vb € B\ A, r(A+ b) ¢ Z, which
means for all such b, r(A+ b) = r(A) = |A|. Then

r(B) < r(AUB) (21)
< r(AU(B\ {b1})) + r(AU {b1}) = r(A) (22)
=r(AU(B\ {b1}) (23)

L]
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Matroids from rank

Proof of Theorem 4.8 (matroid from rank) cont.

o Let A, B € Z, with |A] < |B|, so r(A) = |A| < r(B) = |B|. Let
B\ A= {b1,by,..., bk}

@ Suppose, to the contrary, that Vb € B\ A, r(A+ b) ¢ Z, which
means for all such b, r(A+ b) = r(A) = |A|. Then

r(B) < r(AUB) (21)
< r(AU(B\ {b1})) + r(AU{b1}) = r(A) (22)
=r(AU(B\{b}) (23)
< r(AU(B\ {b1, b2})) + r(AU {ba}) — r(A)  (24)

Prof. Jeff Bilmes EE595A /Spr 2011/Submodular Functions — Lecture 3 - April 6th, 2011 page 24



Matroids
(NRRRRRNNARRL ARRNRNAR

Matroids from rank

Proof of Theorem 4.8 (matroid from rank) cont.

o Let A, B € Z, with |A] < |B|, so r(A) = |A| < r(B) = |B|. Let
B\ A= {b1,by,..., bk}
@ Suppose, to the contrary, that Vb € B\ A, r(A+ b) ¢ Z, which
means for all such b, r(A+ b) = r(A) = |A|. Then
r(B) < r(AUB) (21)
< r(AU(B\ {b1})) + r(AU{b1}) = r(A) (22)
=r(AU(B\{b}) (23)
< r(AU(B\ {b1, b2})) + r(AU{ba}) — r(A)  (24)
= r(AU(B\ {b1, b2})) (25)
[]
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Matroids from rank

Proof of Theorem 4.8 (matroid from rank) cont.

o Let A, B € Z, with |A] < |B|, so r(A) = |A| < r(B) = |B|. Let
B\ A= {b1,by,..., bk} _

@ Suppose, to the contrary, tha(Vb € B\ A r(A+ b) ¢ Z, which
means for all such b, r(A+ b) = r(A) = |A|. Then

r(B) < r(AU B) (21)
< r(AU(B\{b1})) + r(AU{b1}) — r(A) (22)
=r(AU(B\ {b}) (23)
< r(AU(B\{b1,b2})) + r(AU{bo}) — r(A)  (24)
=r(AU(B\ {b1, b2})) (25)
<. <rA=|Al<|B] =) clB)<lE) (2)
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Matroids from rank

Proof of Theorem 4.8 (matroid from rank) cont.

o Let A, B € Z, with |A] < |B|, so r(A) = |A| < r(B) = |B|. Let
B\ A= {by,bs,...,b}.

@ Suppose, tmy, that Vb € B\ A, r(A+ b) ¢ Z, which
means for all such b, r(A+ b) = r(A) = |A|. Then

r(B) <r(AuUB) (21)
< r(AU(B\{b1})) + r(AU{b1}) — r(A) (22)
=r(AU(B\ {b}) (23)
< r(AU(B\{b1,b2})) + r(AU{b2}) — r(A)  (24)
=r(AU(B\ {b1, b2})) (25)
<...<r(A)=|A|l < |B]| (26)

giving a contradiction since B € 7.
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Another way of using function r to define a matroid.

Theorem 4.9 (Matroid from rank II)

Let E be a finite set and let r : 25 — 7 be a function. Then r(-)
defines a matroid with r being its rank function if and only if for all
ACE, and x,y € E:

(R1") r(0) =0;
(R2) r(X) < r(XU{y}) <r(X)+1;

(R3") If r(XU{x}) =r(XU{y}) = r(X), then r(X U {x,y}) = r(X).

Prof. Jeff Bilmes EE595A /Spr 2011/Submodular Functions — Lecture 3 - April 6th, 2011

page 25



Matroids
(NRRRRRNNARRNRY ANRNRR

Matroids, more defs

Definition 4.10

closed/flat/subspace A subset A C E is closed or a flat or a subspace of
matroid M if for all x € Af;@’E r(AU{x}) =r(A) +1.
A
)

Definition 4.11

closure Given A C E, the closure of A, is defined by
g(A)={be E:r(AUu{b}) = r(A)}.

Therefore, a closed set A has 0(A) = A.

Definition 4.12

circuit A subset A C E is circuit or a cycle if it is an inclusionwise
minimally dependent set (i.e., if for any a € A, r(A\ {a}) = |A| — 1).

_ _ + Az 17|
In general, besides independent sets and rank functions, there are other
equivalent ways to characterize matroids.
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Matroids by bases

Theorem 4.13

Matroid (by bases) Let E be a set and B be a nonempty collection of
subsets of E. Then the following are equivalent.

@ B is the collection of bases of a matroid;

Q@ ifB,B' € B, and x € B'\ B, then B' — x + y € B for some
y € B\ B.

@ IfB,B' € B, and x € B'\ B, then B — y + x € B for some
y € B\ B.
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Matroids by bases

Theorem 4.13

Matroid (by bases) Let E be a set and B be a nonempty collection of
subsets of E. Then the following are equivalent.

@ B is the collection of bases of a matroid;
Q ifB,B' € B, and x € B'\ B, then B' — x +y € B for some |Z¥ihon g

y € B\ B. (%,
© IfB,B' € B, andx € B'\ B, then B — y + x € B for some | O
y € B\ B.

Proof here is omitted but think about this for a moment in terms of
linear spaces and matrices, and (alternatively) spanning trees.
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Scratch Paper
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Matroids by circuits

A set is independent if and only if it contains no circuit. Therefore, it is
not surprising that circuits can also characterize a matroid.

Theorem 4.14

Matroid (by circuits) Let E be a set and C be a collection of nonempty
subsets of E, such that no two sets in C are contained in each other.
Then the following are equivalent.

@ C is the collection of circuits of a matroid;
Q@ ifC,C"eC,andx € CNC', then (CUC")\ {x} contains a set in C;

Q@ ifC,C'eC,andxe CNC' andy e C\ C, then (CUC')\ {x}
contains a set in C containing y;
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Matroids by circuits

A set is independent if and only if it contains no circuit. Therefore, it is
not surprising that circuits can also characterize a matroid.

Theorem 4.14

Matroid (by circuits) Let E be a set and C be a collection of nonempty
subsets of E, such that no two sets in C are contained in each other.
Then the following are equivalent.

@ C is the collection of circuits of a matroid;
Q@ ifC,C"eC,andx € CNC', then (CUC’)\ {x} contains a set in C;
_’\—*

Q@ ifC,C'eC,andxe CNC' andy e C\ C, then (CUC')\ {x}
contains a set in C containing y;

Again, think about this for a moment in terms of linear spaces and
matrices, and spanning trees.
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Scratch Paper

Prof. Jeff Bilmes EE595A /Spr 2011/Submodular Functions — Lecture 3 - April 6th, 2011 page 30


jab
Pencil

jab
Pencil

jab
Pencil

jab
Pencil

jab
Pencil

jab
Pencil


Matroids
(NRRRRRNRARRRRRNNRNR Y

Maximization problems for matroids

e Given a matroid M = (E,Z) and a modular cost function
c: E — R, the task is to find an X € Z such that
c(X) = > yex c(x) is maximum.
@ This seems remarkably similar to the max spanning tree problem.
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Minimization problems for matroids

e Given a matroid M = (E,Z) and a modular cost function ¢ : E — R,
the task is to find a basis B € B such that ¢(B) is minimized.

@ This sounds like a set cover problem (find the minimum cost/s\et.oﬁ

COVeHrmgsets). Covf/\ 17
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Uniform Matroid

@ Given E, consider Z to be all subsets of E that are at most size k.
ThatisZ={AC E: |A] < k}.

@ Then (E,Z) is a matroid called a k-uniform matroid.

’/"IU e L Lh/) <A
oA HET sb 5 4T
0 sulk pler
[z +5]

1+‘9e'j2
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Matroid Examples
[ NNAN]

Uniform Matroid

@ Given E, consider Z to be all subsets of E that are at most size k.
ThatisZ={AC E: |A] < k}.
@ Then (E,Z) is a matroid called a k-uniform matroid.

(1Al if|A <k
r(A)—{k if |Al > k 27)

@ Rank function
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Uniform Matroid

@ Given E, consider Z to be all subsets of E that are at most size k.
ThatisZ={AC E: |A] < k}.

@ Then (E,Z) is a matroid called a k-uniform matroid.

(1Al if|A <k
r(A)—{k if |Al > k (27)

@ Rank function

@ Therefore, this function is submodular. Not surprising since
r(A) = min(|A|, k) which is a non-decreasing concave function
applied to a modular function.
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Matroid Examples
[ NNAN]

Uniform Matroid

@ Given E, consider Z to be all subsets of E that are at most size k.
ThatisZ={AC E: |A] < k}.

@ Then (E,Z) is a matroid called a k-uniform matroid.

(1Al if|A <k
r(A)—{k if |Al > k (27)

@ Rank function

@ Therefore, this function is submodular. Not surprising since
r(A) = min(|A|, k) which is a non-decreasing concave function
applied to a modular function.

A iflA <k
= {w 141> k. .

e A “free” matroid sets k = |E|, so everything is independent.

@ Closure function
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Linear Matroid

o Let X be an n x m matrix and E ={1,...,m}

@ Let 7 consists of subsets of E such that if A€ Z, and
A ={a1,ar,...,ak} then the vectors xa,, Xa,, - - ., X5, are linearly
independent.

@ the rank function is just the rank of the space spanned by the
corresponding set of vectors.

@ rank is submodular, it is intuitive that it satisfies the diminishing
returns property (a given vector can only become linearly dependent
in a greater context, thereby no longer contributing to rank).
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Cycle Matroid of a graph

@ Let G =(V,E) be a graph. Consider (E,Z) where the edges of the
graph E are the ground set and A € 7 if the edge-induced graph
G(V,A) by A does not contain any cycle.

@ Then M = (E,Z) is a matroid.
@ 7 contains all forests.

@ Bases are spanning forests (spanning trees if G is connected).
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Matroid Examples
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Cycle Matroid of a graph

@ Let G =(V,E) be a graph. Consider (E,Z) where the edges of the
graph E are the ground set and A € 7 if the edge-induced graph
G(V,A) by A does not contain any cycle.

Then M = (E,Z) is a matroid.
7 contains all forests.

Bases are spanning forests (spanning trees if G is connected).

Rank function r(A) is the size of the largest spanning forest
contained in G(V, A).

@ Closure function adds all edges between the vertices adjacent to any
edge in A. Closure of a spanning forest is G.
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Partition Matroid

o Let E=E UE,U---U Ey be a partitioning of E into disjoint sets

(disjoint union). Define a set of subsets of E as
I={XCE:|XNE|<kjforalli=1,...,¢}. (29)

where ki, ..., ky are fixed parameters. Then M = (E,Z) is a
matroid.

@ Note that a uniform matroid is a trivial example of a partition
matroid with ¢ = 1.

e We'll show that property (I13") in Def 4.4 holds. If X, Y € Z with
|Y| > | X], then there must be at least one i with
Y NEj| > |XNE;|. Therefore, adding one element e € E;N (Y \ X)
to X won't break independence.
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Matroid and the greedy algorithm

@ Let 7 be a set of subsets of E that is down-closed. Consider a
modular weight function w : E — R, and we want to find the A€ T

that maximizes w(A).

o Greedy algorithm: Set A = (), and repeatedly choose y € E \ A such
that AU {y} € Z with w(y) as large as possible, stopping when no
such y exists.

Let Z be a non-empty collection of subsets of a set E, down-closed.
Then the pair (E,Z) is a matroid if and only if for each weight function
w € RE, the greedy algorithm leads to a set | € T of maximum weight

w(l).
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Sources for Today's Lecture

Korte,Vygen-2005, Vondrak-2010, Schrivjer-2003, Oxley-1992.
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