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Announcements

Goal is to have HW1 ready this weekend (so please look out for it).
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Matroid

Definition 2.1 (Matroid)

A set system (E , I) is a Matroid if

(I1’) ∅ ∈ I
(I2’) ∀I ∈ I, J ⊂ I ⇒ J ∈ I
(I3’) ∀I , J ∈ I, with |I | > |J|, then there exists x ∈ I \ J such that

J ∪ {x} ∈ I
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Matroids

In fact, we can use the rank of a matroid for its definition.

Theorem 2.2 (Matroid from rank)

Let E be a set and let r : 2E → Z+ be a function. Then r(·) defines a
matroid with r being its rank function if and only if for all A,B ⊆ E :

(R1) ∀A ⊆ E 0 ≤ r(A) ≤ |A| (non-negative cardinality bounded)

(R2) r(A) ≤ r(B) whenever A ⊆ B ⊆ E (monotone non-decreasing)

(R3) r(A ∪ B) + r(A ∩ B) ≤ r(A) + r(B) forall A,B ⊆ E (submodular)

So submodular non-negative integral monotone non-decreasing
cardinality bounded is necessary and sufficient to define the matroid.
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Matroids

We also saw that it is possible to uniquely define a matroid based on
either:

Independence

Rank axioms

Base axioms

Circuit axioms

Closure axioms (we didn’t see this yesterday, but it is possible)
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Matroid, examples

Examples of matroids include

Matric matroids (characterized by linear independence)

Graphic matroids (cycle matroid of a graph)

“free” matroid (all subsets of E )

k-uniform matroid (all subsets of size at most k)
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Partition Matroid

Let V be our ground set.

Let V = V1 ∪ V2 ∪ · · · ∪ V` be a partition of V into disjoint sets
(disjoint union). Define a set of subsets of V as

I = {X ⊆ V : |X ∩ Vi | ≤ ki for all i = 1, . . . , `}. (1)
where k1, . . . , k` are fixed parameters. Then M = (V , I) is a
matroid.

Note that a k-uniform matroid is a trivial example of a partition
matroid with ` = 1, V1 = V , and k1 = k.

We’ll show that property (I3’) in Def 2.1 holds. If X ,Y ∈ I with
|Y | > |X |, then there must be at least one i with
|Y ∩ Vi | > |X ∩ Vi |. Therefore, adding one element
e ∈ Vi ∩ (Y \ X ) to X won’t break independence.
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Partition Matroid

A partition matroid has rank function?

r(A) =
∑̀
i=1

min(|A ∩ Vi |, ki ) (2)

which we also immediately see is submodular using properties we
spoke about last week.

|A ∩ Vi | is submodular (even modular) in A
min(submodular(A), ki ) is submodular in A since |A ∩ Vi | is
monotone.
sums of submodular functions are submodular.

r(A) is also non-negative integral monotone non-decreasing, so it
defines a matroid (the partition matroid).
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Partition Matroid, rank as neighbor cardinality

A partition matroid can be viewed using a bipartite graph.

Letting V denote the ground set, and V1,V2, . . . the partition, the
graph is G = (V , I ,E ) where V is the ground set, I is a set of
“indices”, and E is the set of edges.

I = (I1, I2, . . . , I`) is a set of
∑`

i=1 ki nodes, grouped into ` clusters,
where there are ki nodes in the i th group Ii .

(v , i) ∈ E (G ) iff v ∈ Vj and i ∈ Ij .
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Partition Matroid, rank as neighbor cardinality

Example where ` = 5,
(k1, k2, k3, k4, k5) =
(2, 3, 1, 1, 3).

I1

I2

I3

I4

I5

V1

V2

V3

V4

V5

V I

Recall, Γ : 2V → R as the neighbor
function in a bipartite graph, the
neighbors of X is defined as Γ(X ) =
{v ∈ V (G ) \ X : E (X , {v}) 6= ∅}, and
how |Γ(X )| is submodular.

Here, for X ⊆ V , we have Γ(X ) =
{i ∈ I : (v , i) ∈ E (G ) and v ∈ X}.
For such a construted bi-partite graph,
the rank function of a partition
matroid is r(X ) = |Γ(X )| =∑`

i=1 min(|X ∩ Vi |, ki ).
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System of Representatives

Let (V ,V) be a set system (i.e., V = (Vk : i ∈ I ) where Vi ⊆ V for
all i).

A family (vi : i ∈ I ) for index set I is said to be a system of
representatives of V if ∃ a bijection π : I → I such that vi ∈ Vπ(i)

Alternatively, a subset T is a system of representatives of V if ∃ a
bijection π : T → I such that v ∈ Vπ(i) for all v ∈ T .

In a system of representatives, there is no requirement for the
representatives to be unique. I.e., we could have v1 ∈ T , where v1

represents both V1 and V2.

We can view this as a bipartite graph.
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System of Representatives

We can view this as a bipartite graph. The groups of V are marked
by color tags on the left, and also via right neighbors in the graph.

V I

1

2

3

4

5

6

A system of representatives would
make sure that there is a representative
for each color group. For example,

The representatives are shown as
colors on the left.

Note that in this example, the set of
representatives is not distinct. In fact,
due to the red and pink group, a
distinct group of representatives is
impossible (since there is only one
common choice to represent both color
groups).
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System of Distinct Representatives

Let (V ,V) be a set system (i.e., V = (Vk : i ∈ I ) where Vi ⊆ V for
all i).

A family (vi : i ∈ I ) for index set I is said to be a system of distinct
representatives of V if ∃ a bijection π : I → I such that vi ∈ Vπ(i)

and vi 6= vj for all i 6= j .

In a system of distinct representatives, there is a requirement for the
representatives to be distinct.

Definition 4.1 (transversal)

Given a set system (V ,V), a set T ⊆ V is a transversal of V if there is a
bijection π : T → I such that

x ∈ Vπ(x) for all x ∈ T (3)

Note that due to it being a bijection, all of I and T are “covered”
(so this makes things distinct).
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Transversal

A set X is a partial transversal if X is a transversal of some
subfamily V ′ = (Vk : i ∈ I ′) where I ′ ⊆ I .

Therefore, for any transversal T , any subset T ′ ⊆ T is a partial
transversal (down closed).
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subfamily V ′ = (Vk : i ∈ I ′) where I ′ ⊆ I .

Therefore, for any transversal T , any subset T ′ ⊆ T is a partial
transversal (down closed).
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When Transversals?

As we saw, a transversal might not always exist. In fact, we have
the following theorems.

Given a set system (V ,V) with V = (Vi : i ∈ I ), for any J ⊆ I , let
V (J) = ∪i∈JVj (4)
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When Transversals?

As we saw, a transversal might not always exist. In fact, we have
the following theorems.

Given a set system (V ,V) with V = (Vi : i ∈ I ), for any J ⊆ I , let
V (J) = ∪i∈JVj (4)

We have

Theorem 5.1 (Hall’s theorem)

Given a set system (V ,V), the family of subsets V = (Vi : i ∈ I ) has a
transversal iff for all J ⊆ I

|V (J)| ≥ |J| (5)
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When Transversals?

As we saw, a transversal might not always exist. In fact, we have
the following theorems.

Given a set system (V ,V) with V = (Vi : i ∈ I ), for any J ⊆ I , let
V (J) = ∪i∈JVj (4)

Hall’s theorem as a bipartite graph.

V I

1

2

3

4
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the following theorems.

Given a set system (V ,V) with V = (Vi : i ∈ I ), for any J ⊆ I , let
V (J) = ∪i∈JVj (4)

Moreover, we have

Theorem 5.2 (Rado’s theorem)

If M = (V , r) is a matroid on V with rank function r , then the family of
subsets (Vi : I ∈ I ) of V has a transversal which is independent in M iff
for all J ⊆ I

r(V (J)) ≥ |J| (6)

Note, a transversal T independent in M means that r(T ′) = |T ′| for
all T ′ ⊆ T .
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When Transversals?

Theorem 5.3

If V = (Vi : I ∈ I ) is a finite family of non-empty subsets of V , and
f : 2V → Z+ is a non-negative, integral, monotone non-decreasing, and
submodular function, then V has a system of representatives (vi : i ∈ I )
such that

f (∪i∈J{vi}) ≥ |J| for all J ⊆ I (7)
if and only if

f (V (J)) ≥ |J| for all J ⊆ I (8)

Given Theorem 5.3, we immediately get Theorem 3.2 by taking
f (S) = |S | for S ⊆ V .

We get Theorem 3.3 by taking f (S) = r(S) for S ⊆ V , the rank
function of the matroid.
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function of the matroid.
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f : 2V → Z+ is a non-negative, integral, monotone non-decreasing, and
submodular function, then V has a system of representatives (vi : i ∈ I )
such that

f (∪i∈J{vi}) ≥ |J| for all J ⊆ I (7)
if and only if

f (V (J)) ≥ |J| for all J ⊆ I (8)

Given Theorem 5.3, we immediately get Theorem 3.2 by taking
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When Transversals?

first part proof of Theorem 5.3.

Suppose Eq. 7 is true. Then since f is monotone, and since
V (J) ⊇ ∪i∈J{vi} when (vi : i ∈ I ) is a system of representatives,
then Eq. 8 immediately follows.

. . .
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When Transversals?

Lemma 5.4

Suppose Eq. 8 is true for V, and there exists an i such that |Vi | > 2.
W.l.o.g. let i = 1. Then there exists f ∈ V1 such that the family of
subsets (V1 \ {f },V2, . . . ,Vn) also satisfies Eq 8.

Proof.

When Eq. 8 holds, this means that for any subsets
J1, J2 ⊆ {2, . . . , n}, we have that

f (V1 ∪ V (J1)) ≥ |J1|+ 1 (9)

f (V1 ∪ V (J2)) ≥ |J2|+ 1 (10)

. . .
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When Transversals?

Lemma 5.4

Suppose Eq. 8 is true for V, and there exists an i such that |Vi | > 2.
W.l.o.g. let i = 1. Then there exists f ∈ V1 such that the family of
subsets (V1 \ {f },V2, . . . ,Vn) also satisfies Eq 8.

Proof.

Suppose, to the contrary, this is false. Then we may take f1, f2 as
two distinct elements in V1,

and there must exist subsets J1, J2 of {2, . . . , n} such that
f ((V1 \ {f1}) ∪ V (J1)) < |J1|+ 1, (11)

f ((V1 \ {f2}) ∪ V (J2)) < |J2|+ 1, (12)
(note that either one or both of J1, J2 could be empty).

. . .
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f ((V1 \ {f2}) ∪ V (J2)) < |J2|+ 1, (12)
(note that either one or both of J1, J2 could be empty). . . .
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When Transversals?

Lemma 5.4

Suppose Eq. 8 is true for V, and there exists an i such that |Vi | > 2.
W.l.o.g. let i = 1. Then there exists f ∈ V1 such that the family of
subsets (V1 \ {f },V2, . . . ,Vn) also satisfies Eq 8.

Proof.

Taking X = (V1 \ {f1}) ∪ V (J1) and Y = (V1 \ {f2}) ∪ V (J2), we
see that:

X ∪ Y = V1 ∪ V (J1 ∪ J2) (13)
and

X ∩ Y ⊇ V (J1 ∩ J2) (14)

. . .
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When Transversals?

Lemma 5.4

Suppose Eq. 8 is true for V, and there exists an i such that |Vi | > 2.
W.l.o.g. let i = 1. Then there exists f ∈ V1 such that the family of
subsets (V1 \ {f },V2, . . . ,Vn) also satisfies Eq 8.

Proof.

since f is submodular and monotone non-decreasing, we get
|J1|+ |J2| ≥ f (V1 ∪ V (J1 ∪ J2)) + f (V (J1 ∩ J2)) (15)

Since V satisfies Eq. 8, and 1 /∈ J1 ∪ J2, this gives
|J1|+ |J2| ≥ |J1 ∪ J2|+ 1 + |J1 ∩ J2| (16)

which is a contradiction.

. . .
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When Transversals?

converse proof of Theorem 5.3.

Conversely, suppose Eq. 8 is true.

If each Vi is a singleton set, then the result follows immediately.

W.l.o.g. , let |V1| ≥ 2, then by Lemma 5.4, the family of subsets
(V1 \ {f },V2, . . . ,Vn) also satisfies Eq 8.

We can continue to reduce the family, deleting elements from Vi for
some i until we arrive at a family of singleton sets.

This family will be the required system of representatives.

This theorem can be used to produce a variety of other results quite
easily, and shows how submodularity is the key ingredient in its truth.
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Transversal Matroid

Transversals, themselves, define a matroid.

Theorem 6.1

If V is a family of finite subsets of a ground set V , then the collection of
partial transversals of V is the set of independent sets of a matroid
M = (V ,V) on V .

This means that the transversals of V are the bases of matroid M.
Therefore, all maximal partial transversals of V have the same
cardinality!
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Transversals and Matchings

Transversals correspond exactly to matchings in bipartite graphs (as
we’ve already strongly hinted at).

Given a set system (V ,V), with V = (Vi : i ∈ I ), we can define a
bipartite graph G = (V , I ,E ) associated with V that has edge set
{(v , i) : v ∈ V , i ∈ I , v ∈ Ii}.
A matching in this graph is a set of edges no two of which that have
a common endpoint.

In fact, we easily have

Lemma 6.2

A subset T ∈ V is a partial transversal of V iff there is a matching in
(V , I ,E ) in which every edge has one endpoint in V .

We say that T is matched into I .

Prof. Jeff Bilmes EE595A/Spr 2011/Submodular Functions – Lecture 4 - April 8th, 2011 page 21



Logistics Review Partition Matroid System of Distinct Reps Transversals Transversal Matroid Matroid Properties Summary

Transversals and Matchings

Transversals correspond exactly to matchings in bipartite graphs (as
we’ve already strongly hinted at).

Given a set system (V ,V), with V = (Vi : i ∈ I ), we can define a
bipartite graph G = (V , I ,E ) associated with V that has edge set
{(v , i) : v ∈ V , i ∈ I , v ∈ Ii}.

A matching in this graph is a set of edges no two of which that have
a common endpoint.

In fact, we easily have

Lemma 6.2

A subset T ∈ V is a partial transversal of V iff there is a matching in
(V , I ,E ) in which every edge has one endpoint in V .

We say that T is matched into I .

Prof. Jeff Bilmes EE595A/Spr 2011/Submodular Functions – Lecture 4 - April 8th, 2011 page 21



Logistics Review Partition Matroid System of Distinct Reps Transversals Transversal Matroid Matroid Properties Summary

Transversals and Matchings

Transversals correspond exactly to matchings in bipartite graphs (as
we’ve already strongly hinted at).

Given a set system (V ,V), with V = (Vi : i ∈ I ), we can define a
bipartite graph G = (V , I ,E ) associated with V that has edge set
{(v , i) : v ∈ V , i ∈ I , v ∈ Ii}.
A matching in this graph is a set of edges no two of which that have
a common endpoint.

In fact, we easily have

Lemma 6.2

A subset T ∈ V is a partial transversal of V iff there is a matching in
(V , I ,E ) in which every edge has one endpoint in V .

We say that T is matched into I .

Prof. Jeff Bilmes EE595A/Spr 2011/Submodular Functions – Lecture 4 - April 8th, 2011 page 21



Logistics Review Partition Matroid System of Distinct Reps Transversals Transversal Matroid Matroid Properties Summary

Transversals and Matchings

Transversals correspond exactly to matchings in bipartite graphs (as
we’ve already strongly hinted at).

Given a set system (V ,V), with V = (Vi : i ∈ I ), we can define a
bipartite graph G = (V , I ,E ) associated with V that has edge set
{(v , i) : v ∈ V , i ∈ I , v ∈ Ii}.
A matching in this graph is a set of edges no two of which that have
a common endpoint.

In fact, we easily have

Lemma 6.2

A subset T ∈ V is a partial transversal of V iff there is a matching in
(V , I ,E ) in which every edge has one endpoint in V .

We say that T is matched into I .

Prof. Jeff Bilmes EE595A/Spr 2011/Submodular Functions – Lecture 4 - April 8th, 2011 page 21

jab
Pencil

jab
Pencil

jab
Pencil



Logistics Review Partition Matroid System of Distinct Reps Transversals Transversal Matroid Matroid Properties Summary

Morphing Partition Matroid Rank

Recall the partition matroid rank function. Note also that ki = |Ii |
in the bipartite graph representation.

We change the form of this in the subsequent equations.

r(A) =
∑̀
i=1

min(|A ∩ Vi |, ki ) (17)

=
∑̀
i=1

min(|A ∩ V (Ii )|, |Ii |) (18)

=
∑̀
i=1

min
Ji⊆Ii

({
|A ∩ V (Ii )| if Ji 6= ∅

0 if Ji = ∅

}
+ |Ii \ Ji |

)
(19)

=
∑̀
i=1

min
Ji⊆Ii

(|V (Ji ) ∩ A|+ |Ii \ Ji |) (20)
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Recall the partition matroid rank function. Note also that ki = |Ii |
in the bipartite graph representation.
We change the form of this in the subsequent equations.

r(A) =
∑̀
i=1

min(|A ∩ Vi |, ki ) (17)

=
∑̀
i=1

min(|A ∩ V (Ii )|, |Ii |) (18)

=
∑̀
i=1

min
Ji⊆Ii

({
|A ∩ V (Ii )| if Ji 6= ∅

0 if Ji = ∅

}
+ |Ii \ Ji |

)
(19)

=
∑̀
i=1

min
Ji⊆Ii

(|V (Ji ) ∩ A|+ |Ii \ Ji |) (20)
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... Morphing Partition Matroid Rank

Continuing,

r(A) =
∑̀
i=1

min
Ji⊆Ii

(|V (Ji ) ∩ V (Ii ) ∩ A| − |Ii ∩ Ji |+ |Ii |) (21)

= min
J⊆I

 |I |∑
i=1

|V (J) ∩ V (Ii ) ∩ A| − |Ii ∩ J|+ |Ii |

 (22)

= min
J⊆I

(|V (J) ∩ V (I ) ∩ A| − |J|+ |I |) (23)

= min
J⊆I

(|V (J) ∩ A| − |J|+ |I |) (24)

In fact, this bottom (more general) expression is the expression for
the rank of a transversal matroid.
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Partial Transversals Are Matroids

In fact, we have

Theorem 6.3

Let (V ,V) where V = (V1,V2, . . . ,V`) be a subset system. Let
I = {1, . . . , `}. Let I be the set of partial transversals of V. Then (V , I)
is a matroid.

Proof.

We note that ∅ ∈ I since the empty set is a transveral of the empty
subfamily of V, thus (I1’) holds.

We already saw that if T is a partial transversal of V, and if
T ′ ⊆ T , then T ′ is also a partial transversal. So (I2’) holds.

Suppose that T1 and T2 are partial transversals of V such that
|T1| < |T2|. Exercise: show that (I3’) holds.
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Transversal Matroid Rank

Transversal matroid has rank
r(A) = min

J⊆I
(|V (J) ∩ A| − |J|+ |I |) (25)

Therefore, this function is submodular.

Note that it is a minimum over a set of modular functions. Is this
true in general?

Exercise:
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Matroid and the greedy algorithm

Let I be a set of subsets of E that is down-closed. Consider a
modular weight function w : E → R, and we want to find the A ∈ I
that maximizes w(A).

Greedy algorithm: Set A = ∅, and repeatedly choose y ∈ E \ A such
that A ∪ {y} ∈ I with w(y) as large as possible, stopping when no
such y exists.

Theorem 7.1

Let I be a non-empty collection of subsets of a set E , down-closed.
Then the pair (E , I) is a matroid if and only if for each weight function
w ∈ RE , the greedy algorithm leads to a set I ∈ I of maximum weight
w(I ).
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Scratch Paper
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Sources for Today’s Lecture

Korte,Vygen-2005, Vondrak-2010, Schrijver-2003, Oxley-1992,
Welsh-1973, Goemans-2010.
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