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Abstract. A k-tree is a graph that can be reduced to the k-complete graph by a sequence of removals of a
gree k vertex with completely connected neighbors. We address the problem of determining whether a graph
s a partial graph of a k-tree. This problem is motivated by the existence of polynomial time algorithms for
‘many combinatorial problems on graphs when the graph is constrained to be a partial k-tree for fixed k. These
algorithms have practical applications in areas such as reliability, concurrent broadcasting and evaluation of

ueries in a relational database system. We determine the complexity status of two problems related to finding
the smallest number k such that a given graph is a partial k-tree. First, the corresponding decision problem is
NP-complete. Second, for a fixed (predetermined) value of k, we present an algorithm with polynomially bounded
rst case time complexity. Previously, this problem had only been solved for
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1. Motivation. The class of k-trees is defined recursively as follows (see, for instance,
Rose [15]). The complete graph with k vertices is a k-tree. A k-tree with n + 1 vertices
n = k) can be constructed from a k-tree with n vertices by adding a vertex adjacent to
all vertices of one of its k-vertex complete subgraphs, and only to these vertices. In a
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subgraph of a k-tree can be its basis (Proskurowski [13, Prop. 1.3]). A partial k-tree is a
tsubgraph of a k-tree. : . R

: Our interest in the class of k-trees and their subgraphs is motivated by some practical
uestions about reliability of communication networks in the presence of constrained
e- and site-failures (Farley [8], Farley and Proskurowski [9], Neufeldt and Colbourn
12], Wald and Colbourn [16]), concurrent broadcasting in a common medium network

sforms, IEEE Trans. Aco Colbourn and Proskurowski [6]), reliability evaluation in complex systems (Arnborg

]. For these problems restricted to partial k-trees, there exist efficient solution algorithms
iwhich exploit the following separation property of k-trees (Rose [15]): every minimal
iseparator of a k-tree consists of k completely connected vertices. This property, together
with the requirement that a graph is connected and does not contain a set of k + 2
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Partial k-trees have a similar bounded decomposability property (cf. Arnborg and

-Proskurowski [3]): a sufficiently large partial k-tree can be disconnected by removal of
‘at most k (separator) vertices so that each of the resulting connected components aug-
mented by the completely connected separator vertices is a partial k-tree. Since the com-
ponent partial k-trees of a partial k-tree interact only through the minimal separators of
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iven construction of a k-tree, the original k-complete subgraph is its basis. Any k-complete

1]), and evaluation of queries in relational data base systems; for a survey see Arnborg

:completely connected vertices, is a definitional property of k-trees (Rose [15, Thm. 1.1]). -
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compilete set of safe reduction rules, i.e., application of the reduction rules (in any order)
reduces a graph to the em iff it is a partial k-tree (see Wald and Colbourn [16]
for k = 2, and Arnborg and Proskurowski [3] for k = 3). In this paper, we first addresg

raph is a partia]
k-tree. We show that the decision version of this PARTIAL K-TREE problem is NP-

complete. We then follow a “brute-force” approach to finding a k-tree embedding of the
given graph through examination of all its k-vertex Separators. This yields a polynomia
time algorithm, assuming a fixed value of k. Not surprisingly, this new algorithm ig E

inferior to the reduction rules algorithms for k = 2 and k = 3,

2. Definitions. A graph G with Vertex set V and edge set E will be denoted ’
G(V, E). The cardinality of the vertex set will be called the size of G. A partial graph of |
G contains all its vertices and a subset of its edges, whereas a subgraph of G has a subset -

text, e.g., Bondy and Murty [5].

A cligue in a graph G(V, E) is a maximal complete subgraph of G. The clique

number «(G) is the size of a largest clique in G. For any vertex v € V,

gulated) if every cycle of length greater than three has a chord. Clearly, k-trees are examples
of chordal graphs, An elimination scheme of a graph is an ordering = of its vertices. The -
Jilled graph of G(V, E) w.r.t. 7 is the graph G(¥, E U F*), where F~ are the fill edges.

, the (open) neigh-
borhood of v is defined as the set of all vertices adjacent to v, I'(v) = {u:(u,v)eE }. B

The closed neighborhood of v contains also the vertex v. The degree of v is the size of its I

3
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iii A are last in 7. A chordal graph G isa chordal path iff there is an A for which G is an
4-chordal path. :

A k-chordal graph is a chordal graph G for which w(G) = k + 1. Thus, in every
perfect elimination scheme of a k-chordal graph, the neighborhood of every vertex, when
siminated, induces Kj;, a complete graph with i vertices, / = k. We notice that a k-tree
with more than k vertices is a k-chordal graph. Since the neighborhood of a simplicial
jertex u in a k-chordal graph is a completely connected set of at most k vertices that
separate u from the rest of the graph, any k-chordal graph is k-decomposable. Given a
raph G, we define k,(G) to be the minimum k such that G is a partial k-tree. Similarly,
(G) is defined to be the minimum k such that G is a partial k-chordal graph. Not
urprisingly, we have the following lemma relating k,(G) and k.(G) for any graph G.
LEMMA 2.1. For any graph G that is not a complete graph, k,(G) = k.(G).
Proof. From the definitions, we see that k.(G) = k,(G). To show that k,(G) < k.(G),
e let G’ be a k.(G)-chordal supergraph of G. Since G is k.(G)-decomposable, it follows
‘om Arnborg and Proskurowski [3, Thm. 2.7] that ( is also a partial k.(G)-tree, and so
G. (| : :
A block of a graph G is a maximal set of vertices with the same closed neighborhood.
early, the blocks of G partition V. A block-contiguous elimination scheme is one in
‘which the vertices of each block are eliminated contiguously.
Yannakakis [17] introduced the notion of chain graph: a bipartite graph
G(A U B, E) is a chain graph if the neighbors of the nodes in 4 form a chain, i.e., there
Yexists a bijection 7 : 4 « {1, 2, - - -, |A|} such that 7(u) < 7(v) iff I'(x) 2 T'(v). Such a
‘permutation 7 is called a chain order. The neighbors of the nodes of B also form a chain,
and thus the definition is unambiguous. Given a bipartite graph G(4 U B, E) and an
ordering 7 of 4, a (G, 7)-chain graph is any bipartite graph G(4 U B, E U E’) for which
7 isa chain graph order. For a given bipartite graph G(4 U B, E), the graph C(G) is
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* subgraph of G. The clique LEMMA 2.2 (Yannakakis [17, Lemma 2.1]). A4 bipartite graph G(A U B, E) is a

TeX v € V, the (open) neigh- chain graph iff C(G) is chordal. O '

>0, () = {u: (u V) EE} " In fact, we can strengthen this statement by a more detailed characterization of the

e degree of v is the size of its chordal graph C(G).

). A vertex v is simplicial if COROLLARY 2.3. A4 bipartite graph G(4 U B, E) is a chain graph iff C(G) is an

i§ k-decomposable iff either A-chordal path. O
with at most & vertices suc If V is the vertex set of a graph G and 7 is a permutation of ¥, then we define the

onents of G — S augmente linear cut value of G w.r.t. r as E A

(G =  max, {(uv)€E: H(1) =i <j(p)}l.

The MINIMUM CUT LINEAR ARRANGEMENT problem (MCLA) is defined as fol-
lows: Given a graph G(V, E) and a positive integer k, does there exist a permutation
of V'such that ¢(G) = k? MCLA is NP-complete (see, for instance, Garey and Johnson
[10]). In the next section, we use this fact to show the NP-completeness of the follow-
-ing PARTIAL K-TREE recognition problem: Given a graph G and an integer k, is
k(G) = ko . .

3. NP-completeness of PARTIAL K-TREE. In this section we will use the concepts
of chain graph and chordal path to prove that the PARTIAL K-TREE problem is at least
as difficult as the MCLA problem, in the standard sense of polynomial reducibility.
Given an arbitrary graph G(V, E), we will construct a bipartite graph G'(4 U B, E')
in the following way: Each vertex x € V is represented by A(G) + 1 vertices in A and

vhere F™ are the fil] édges
and w in = such that both

10 fill edges (cf. Rose [14]),
at each vertex is simplicial
- graph is chordal iff it has
rdal supergraph of a graph
' 4, a complete subgraph
erfect elimination scheme
adjacent, and the vertices -
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A(G) — deg (x) + 1 vertices in B. We let Ax (resp. B,) denote the set of vertices in 4 (re
B) which represents x. Each edge ¢ € E is represented by two vertices in B; thig set of
vertices is denoted B, . Edges in E’ are of the following two types: (i) all vertices in A, are
adjacent to all vertices in By; (ii) all vertices in Ay are adjacent to both vertices in B.ify
is an endpoint of e. As an example of this construction, see the graph in Fig. 1. We no "g
that the vertex sets 4,, B, and B, form the blocks of aa). 3
Before proving the main result of this section, we relate block-contiguous eliminag
schemes of a given graph G to chordal supergraphs of G.
LEMMA 3.1. Let H be a minimal chordal supergraph of G. Then there exists q bloc,
contiguous elimination order n such that H is the filled graph of G w.r.t. ». o
Proof. As stated in § 2, H is the filled graph of G w.r.t. some elimination scheme

for G. (| ' ' '

We now establish the relationship between the linear cut value of a graph G and
values of X’ such that C(G) is a partial k'-tree. ' : :

LEMMA 3.2. Given a graph G and a positive integer k, G has a minimum linear cyt -
value k w.rt. some permutation = iff the corresponding graph C(G') is a partial
k'-tree for k' = (A(G) + DAVi+ D)+ k-1, ]

Proof. Since a k'-tree is a k’-chordal graph, it follows from Lemma 3.1 that if aa)
is a partial k'-tree then there exists a block-contiguous elimination scheme #' such that
no vertex has degree greater than k' when it is eliminated. Let F be the filled graph of
C(G') w.r.t. this permutation ', F is also a supergraph of the filled graph of C(G) w.r.t. ;
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any:perfect elimination order of F. But since F is chordal, its edges between 4 and B
orm a chain graph by Lemma 2.2, and it is easy to see that F has a perfect elimination
jrdering starting with all vertices in 4 in reverse chain ordering, which is also contiguous
n the blocks 4,. Without loss of generality we can assume that = is such an ordering.
et = be the ordering of blocks in 4 induced by =’. Assume without loss of generality
at the vertices of G' are numbered in order = and are identified by their numbers.
onsider the graph resulting from elimination of vertices in the first i — 1 blocks of
{(G). In this graph, each vertex of 4, is adjacent to: the other A(G) vertices in 4;; the
(G) + 1 vertices in each of 4; 4, *** Ayy; the A(G) + 1 — degg(/) vertices in B; for
=1, - - - i (these are fill edges except for j = {); and the two vertices in B, for each edge
incident to at least one vertex in {1, - - - 7} (these are fill edges for e not incident to i).

+ also simplicial. Since the elim “These adjacencies sum up to

211 graph has a block-contiguoyg ;
ering of : : ; i o _ .
e Maands s i Dlock AGYHAG)+ V=D HAG)+ )X~ 3 degelj) +21E]|+21E4)
where E| is the set of edges with exactly one vertex in {1, ---,i}, and Ej the set with
both vertices in {1, - - -, i}. Obviously, /. degs() = 2|E4| + |E!], so the degree of a
vertex in 4; simplifies to (A(G) + 1)(|V] + 1) — 1 + |E¥|. Since E is the set of edges
between verticesin {1, - - - , i} and verticesin {i + 1, - - -, [V1}, in this particular ordering
«, the maximum size of E{ over all i is the linear cut value of G w.r.t. «. This value also
determines the maximum size of a clique in C(G’). We have thus shown that the k'-
- chordality implies the existence of a linear arrangement with the cut value k. Conversely,
the existence of an ordering = w.r.t. which G has a linear cut value k implies that the
. largest clique in F, the filled graph of C(G') w.r.t. 7', has size k’ + 1 (by examination of
- an induced ordering =’ of its vertices.) This completes the proof. O
“THEOREM 3.3. The PARTIAL K-TREE problem is NP-complete. -
Progf. (Hardness for NP): This follows from Lemma 3.2 and the fact that aG@)
can be constructed from G in polynomial time. (Membership in NP): For a suitable
(nondeterministic) choice of vertex order, the elimination process is easily turned into a
polynomial time verification that a graph is a partial k-tree. a
Let us define a k-chordal path to be a k-chordal graph which is also a chordal path. -

A k-interval graph is an interval graph derived from a set of intervals, no k + 2 of which
have a nonempty intersection (i.e., it has clique number k + 1 or less). We now have:
COROLLARY 3.4. The following problems are NP-complete:
- (1) Given graph G and integer k, is G a partial k-chordal path?
(i) Given graph G and integerk, is G a partial k-interval graph?
Proof. Statement (i) follows from Theorem 3.3, Lemma 2.1 and Corollary 2.3. A
result of Gilmore and Hoffman [11] says that graph G is an interval graph iff the cliques
of G can be numbered C,, C,, -+ -, C,, such that for each node x,x€CiN G, (i<j)
implies that x € C, for all /such that i </ < J- So the class of k-interval graphs is contained

in the class of k-chordal graphs but contains the class of k-chordal paths, from which (i1)
follows, O

4. Recognition of partial k-trees for a fixed value of k. In the preceding section, we
have shown that the partial k-tree recognition problem is NP-complete if k is part of the
problem’s instance. Since the proof of our NP-completeness result (Theorem 3.3) builds
on the value of k growing polynomially with the size of the graph, one could expect the
complexity of partial k-tree recognition for fixed k to grow quickly with k. However,
when the value of k is fixed (i.e., all instances of the problem refer to the same & value),
the complexity status of the problem changes, as any dependence on k is considered
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constant. The recognition problems for partial 2- and 3-trees have been solved pre

relevant class. ‘
Another approach proves successful for general, fixed values of k. This new

beddability in the order of their increasing sizes. Thus, successful embeddin

embed a union of such connected components. »
ALGORITHM 4.1 for the recognition of partial k-trees.

INPUT: A graph G, with 7 vertices.

OUTPUT: YES or NO. :

DATA STRUCTURE: Family of k-element vertex sets which are separators of G.
For each such set S, there is a set of / connected components of G
into which G is separated by removal of S, Denoting S by C;, we
denote by C4, 1 <j < /the subgraphs of G, each induced by S and
the vertices of the corresponding connected component, with the ad-
dition of edges required to make the subgraph induced by § complete.

- Each such C/ has an answer YES or NO (whether it is embeddable
in a k-tree or not) determined during the computation.
METHOD: ({find the graphs C; and ch S
for each set S of k vertices in G do
if S is a separator of G ' ' :
— then insert C; = S and the corresponding graphs C’ into the data
structure : L
end-do
sort all graphs C¥ by increasing size
{examine graphs C’ from smallest to largest and determine whether
the graph is a partial k-tree}
A graph C} of size k + 1 is a partial k-tree: set its answer to YES.
for each graph CJ an increasing order of size % do :
for each v € Cl do :
examine all k-vertex separators C,, contained in G U {v};
consider all C%, in (C} — C}) U C,, which are partial k-trees.
if their union, over all /’s and all m’s, contains CJ — C;
then set the answer for CJ to YES and exit-do.
end-do
if no answer was set for C/
then set the answer for CJ to NO.
if G has a separator C,, such that all C " graphs have answer YES
. then G is a partial k-tree: return (YES). .
if each separator C,, of G has a C!, with answer NO
then G is not a partial k-tree: return (NO). -
end-do ’ .
{end of the algorithm}
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: In the algorithm above we use C?} to denote both a graph and its vertex set, depending
i context. This slightly inaccurate usage will continue in the verification below. The
rst case time complexity of the algorithm is fairly straightforwardly bounded by a
blynomial in n, the size of G, since all the operations (searches and checks) can be
formed efficiently and there is a limited (polynomially bounded) number of them.
;¢ THEOREM 4.2. The execution time of the partial k-tree recognition algorithm using
ably chosen data structures is of order O(n**?).
Proof. The algorithm examines at most all k-element vertex sets; there are O(r*) of
ose, and it takes @(n?) time to check if one is a separator of G. To be able to access
‘the subgraphs C7 in the increasing order of their sizes, they should be bucket-sorted, in
time proportional to the numer of them, at most 0(71"+ 1. The exit conditions for the
algonthm can be checked in constant time per examined subgraph, by incrementally
mamtammg counts of partial k-tree components for each separator, and of incorrectly
essed separators for the whole graph. There are less than # vertices in a subgraph C/,
and the access to a ‘related’ separator C,, (in the innermost loop) can be made in constant
time. Checking the union of the relevant partial k-tree components is again of order of
the size of C4, and thus, the overall time complexity is O(r**2). O
= To prove the correctness of our algorithm we state and prove two lemmas. The first
one reflects the fact that partial k-trees are k—decomposable (cf. Arnborg and Proskurowski
3, Thm. 2.7]).

LEMMA. 4.3. A4 given graph G of size at least k + 2 is a partial k-tree if and only if
here exists a k-vertex separator C; such that all subgraphs C’ (as defined in the algorithm)
. are partial k-trees.

Proof. (By induction on the size n of G). Obviously true for n= k + 2, since of
graphs with &k + 2 vertices only K; . ; is not a partial k-tree. Assuming the hypothesis true
-for all smaller graphs, consider a graph G of size n = k + 3. If G is a partial k-tree, then
ithas a vertex v which in some k-tree embedding has a completely connected neighborhood
'S. The graph G| = G — {v} U S'is also a partial k-tree with-a postulated separator C; (by
the inductive assumption). If this C; is identical with S, then it fulfills the requirements
for G since S U {v} (the new C’ containing v) is a partial k-tree. Otherwise, the C’} (of
.the embedding of G,) that contains .S can be extended by v to a partial k-tree. Hence,
the necessity is proved. The sufficiency follows immediately from the constructive defi-
nition of k-trees: G can be constructed usmg Ciasa base, and independently attaching
an embedding for each C;. O

The second lemma addresses the operatlon of the algonthm when computing the
partial answers. Note that C’ has a complete subgraph induced by C;.

LEMMA 4.4. A graph C, as defined in the algorithm, is a partial k-tree iff there
exists a vertex v in C’, and a set F of k-vertex separators Cp, # C; contained in C; U {v}
such that graphs Ct, — C,, (for all | such that Cl, = C!is a partial k-tree) partztzon

- {v}.

Proof We recall that a k-tree can be constructed with any k-complete subgraph as
its base. If C/ is a partial k-tree, then any k-tree T embedding it can be constructed from
C; by first adding a vertex, v, adjacent to all vertices of C;, and then constructing
the remainder of T as k-trees T%, based on some k-complete subgraphs of C; U {v}.
The k-trees T%, overlap only on C; U {v}, and thus their subgraphs C!, partition
Ci— ] — Ci— {v}. This proves the necessity. If such a family F of separators exists, then a
k-tree T embedding C? can be constructed from C; by first adding v adjacent to all the
vertices of C; and then building up the remainder of T as the union of embeddings of

the partial k-trees C%,, each constructed with C,, as its base. O
THEOREM 4.5. The algorithm correctly determines whether a given graph G is a
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Proof. The termination criteria of the algorithm’s main 'loop correspond to the
of partial k-trees as k-decomposable graphs. By Lemma 4.4, every sub
at most 4 is correctly classified. If G is a partial k-tree then the final decision (re

i increases to at most (1 +
corresponds to G having only k-path embeddings). 0

The algorithm discussed above answers the embeddability decision problem, pyf
does not produce an embedding when one exists. It is obvious that this can be achje

by storing an embedding for every Ci if and when it has been classified ag a pay
tial k-tree. : ' ' :

Noteadded inproof Inarecent paper (Graph minors XIII: The disjoi,
manuscript, September 1986), Robertson and

existence of an O (n?) algorithm for recognizing partial k-trees. Such an algorithm wgq

require the knowledge of the set of all minimal forbidden minors for the class of pa
k-trees. '
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